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DERIVED NONCOMMUTATIVE SCHEMES, GEOMETRIC REALIZATIONS,
AND FINITE DIMENSIONAL ALGEBRAS
DMITRI ORLOV
Dedicated to the blessed memory of my friend Vladimir Voevodsky
Abstract. The main purpose of this paper is to describe various phenomena and certain construc-
tions arising in the process of studying derived noncommutative schemes. Derived noncommutative
schemes are defined as differential graded categories of a special type. We review and discuss different
properties of both noncommutative schemes and morphisms between them. In addition, the concept of
geometric realization for derived noncommutative scheme is introduced and problems of existence and
construction of such realizations are discussed. We also study the construction of gluing noncommu-
tative schemes via morphisms and consider some new phenomena, such as phantoms, quasi-phantoms,
and Krull-Schmidt partners, arising in the world of noncommutative schemes and allowing us to find
new noncommutative schemes. In the last sections we consider noncommutative schemes that are
related to basic finite dimensional algebras. It is proved that such noncommutative schemes have
special geometric realizations under which the algebra goes to a vector bundle on a smooth projective
scheme. Such realizations are constructed in two steps, one of which is the well-known construction of
Auslander, while the second step is connected with a new concept of a well-formed quasi-hereditary
algebra for which there are very particular geometric realizations sending standard modules to line
bundles.
Introduction
Noncommutative algebraic geometry is based on the fact that, as in commutative geometry affine
schemes are directly related to rings or algebras over a field. And in spite of the fact that in contrast
to the commutative case for a non-commutative algebra A we do not have any construction of the
topological space SpecA, we can nevertheless freely speak about the category of quasi-coherent
sheaves on an affine noncommutative scheme having in view the category of (right) modules Mod–A
over the algebra A. This observation is a serious reason in order to shift the focus from varieties
(or schemes) and to go directly to the categories of sheaves on these varieties (schemes), making
these categories the main object of research. This is in many ways natural also because the theory of
sheaves is one of the most powerful methods of studying algebraic varieties. In addition, it should be
noted that quasi-coherent sheaves do not depend on a choice of topology on schemes, being sheaves
in all natural topologies, and they best reflect the algebraic structure of schemes.
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2To the next question, which is already quite nontrivial, how to glue noncommutative affine schemes,
there are several different approaches. However, the most fruitful here is again the point of view related
to the consideration of the category of sheaves, but with some natural generalizations dictated by
homological algebra. This approach consists in working in fact with the derived category of quasi-
coherent sheaves and with the category of perfect complexes on a noncommutative scheme, when we
talk about such a noncommutative scheme. It is natural to begin a more detailed consideration by
returning to commutative algebraic geometry.
Consider a scheme X over a field k and put on it some finiteness conditions. We will assume that
X is quasi-compact and quasi-separated, i.e. it has a covering by affine schemes whose intersections
have the same property. With any such scheme we associate the unbounded derived category of
complexes of OX –modules with quasi-coherent cohomology DQcohpXq. In the papers [N1] and
[BV] it was shown that this category has enough compact objects and the triangulated subcategory
of compact objects actually coincides with the category of perfect complexes Perf –X. It should be
recalled that a complex is called perfect if it is locally quasi-isomorphic to a bounded complex of
locally free sheaves of finite type. In addition, it has also been shown in the papers [N1, BV] that the
category of perfect complexes Perf –X can be generated by a single object, which is called a classic
generator. This means that the minimal full triangulated subcategory of Perf –X containing this
object and closed under taking direct summands, coincides with the whole category Perf –X. Such
an object will also be a compact generator for the category DQcohpXq. Note that the article [N1]
was dealing with separated schemes, for which the category DQcohpXq is equivalent to the usual
unbounded derived category of quasi-coherent sheaves DpQcohXq, while in the paper [BV] these
statements were proved in the general case of a quasi-compact and quasi-separated scheme.
The existence of such a generator E P Perf –X gives us an opportunity to look at the derived
category DQcohpXq, as well as the triangulated category Perf –X, from a different angle. The
results of the papers [K1, K2] allow us to assert that in this situation the category DQcohpXq is
equivalent to the unbounded derived category of differential graded (DG) modules DpRq over some
differential graded (DG) algebra R, and the triangulated category of perfect complexes Perf –X
is equivalent to the category of perfect DG modules Perf –R. The differential graded algebra R
directly depends on the choice of the generator E P Perf –X and is obtained as the DG algebra of
endomorphisms EndpEq of the given generator, but not as an object of category Perf –X, but as
its lift to a differential graded category Perf –X, which is a natural enhancement of the category
Perf –X. In particular, this means that the category Perf –X is equivalent to the homotopy category
H0pPerf –Xq. A differential graded (DG) category A is a category whose morphisms have the
structure of complexes of k –vector spaces. Passing from the complexes to their zero cohomology
spaces we obtain a k –linear category H0pA q with the same objects, which is called the homotopy
category for DG category A . If there is an equivalence ǫ : H0pA q
„
Ñ T , then pA , ǫq is called a
DG enhancement for the category T .
3Usually triangulated categories have natural enhancements arising in the process of constructing
these categories. In our case, the triangulated category DQcohpXq has several natural enhancements:
DG category of h –injective complexes, DG quotient of all complexes by acyclic complexes, DG
quotient of h –flat complexes by acyclic h –flat complexes and so on. All these enhancements are
also in a natural way quasi-equivalent to each other, and when working with them, we can choose
any convenient for us model from the class of quasi-equivalent DG categories. A DG enhancement
of the category DQcohpXq induces a DG enhancement of the triangulated subcategory of perfect
complexes Perf –X, which will be denoted by Perf –X.
The results of the papers [N1, BV, K1, K2] mentioned above, combined together, tell us that
the DG category Perf –X is quasi-equivalent to a category of the form Perf –R, where R is
the DG algebra of endomorphisms of some generator E P Perf –X. We can also note that in the
case of quasi-compact and quasi-separated scheme, the DG algebra R is cohomologically bounded,
i.e. it has only a finite number of nontrivial cohomology spaces. Thus, the following definition
of a derived noncommutative scheme over the field k arises (see. Definition 2.1). By a derived
noncommutative scheme X we shall call a k –linear DG category of the form Perf –R, where R
is cohomologically bounded DG algebra over k. It is natural to call the derived category DpRq by
the derived category of quasi-coherent sheaves on this noncommutative scheme, while the triangulated
category Perf –R will be called by the category of perfect complexes on X . It was mentioned above
that there is an equivalence of the triangulated categories H0pPerf –Rq – Perf –R.
Note also that, having considered the DG categories of the from Perf –R, we not only were able
to glue noncommutative scheme from affine pieces, but also in fact received derived noncommutative
affine schemes as well by passing from algebras to DG algebras. Thus, this definition allows us to talk
not only about noncommutative schemes, but also about derived noncommutative schemes together.
Many important properties of usual schemes can be extended to derived noncommutative schemes.
In particular, we can talk about smoothness, regularity and properness for noncommutative schemes.
We can also define morphisms between schemes as quasi-functors between DG categories. Despite the
fact that the usual morphisms between schemes are also morphisms between them in noncommutative
sense, it should be noted that there are much more morphisms in the noncommutative world and they
form a category (and even a DG category). This implies that they can be added together and one
can talk about maps between morphisms. Many natural concepts from usual commutative algebraic
geometry also generilize to noncommutative schemes: the concepts of compactification, resolution of
singularities, Serre functor are defined.
In this paper we discuss some properties of derived noncommutative schemes and draw various
analogies with the commutative case. However, one of the important concepts, to which a large
part of the article is devoted, a gluing of noncommutative schemes is an operation existing in the
noncommutative world and having no analogue in the commutative one. Another important concept
is the geometric realization of derived noncommutative schemes. It arises naturally for two reasons.
First, for each abstract algebraic structure it is always useful and interesting to find some geometric
4representations. On the other hand, many noncommutative schemes come to us from usual geometry
with a given geometric realization.
The most natural and often appearing but highly nontrivial examples of geometric realizations
are related to admissible subcategories N Ă Perf –X in categories of perfect complexes on smooth
projective schemes X. In this case, we obtain a noncommutative scheme as the DG category N Ă
Perf –X. It is easy to see that such a DG category can be realized in the form Perf –R and,
moreover, the noncommutative scheme N itself is smooth and proper. The initial embedding
N Ă Perf –X is a particular but most interesting case of a geometric realization of smooth and
proper noncommutative schemes (see Definition 2.17). Such realizations are called pure.
As mentioned above, for any two DG categories A and B and a B˝-A –bimodule T we can
define a new DG category C “ A i
T
B, which is called the gluing of these two DG categories via the
bimodule T. This construction allows us to introduce gluing of derived noncommutative schemes
X and Y by imposing some boundedness condition on the gluing bimodule T. Noncommutative
schemes of the form X i
T
Y adopt many properties of the schemes X and Y under appropriate
conditions on T. For example, the smoothness and properness of X and Y imply the smoothness
and properness of the gluing X i
T
Y assuming that the bimodule T is perfect.
In paper [O6] we study the problem of geometric realizations of noncommutative schemes that are
obtained by gluing smooth and proper noncommutative schemes X and Y . In particular, it was
proved that if noncommutative schemes X and Y arise as admissible subcategories in categories
of perfect complexes on smooth projective schemes, then their gluing X i
T
Y via a perfect bimodule
T can be realized in the same way. This problem is discussed in detail in sections 3.2–3.4.
Derived noncommutative schemes may be quite different from commutative schemes in general
even when they are smooth and proper. In section 3.5, a phenomenon such as quasi-phantoms and
phantoms is discussed. Without going into details, we can say that phantoms are such smooth and
proper noncommutative schemes X , for which K-theory K˚pX q is completely trivial. Moreover,
we also assume that a phantom noncommutative scheme has a geometric realization in the form of an
admissible subcategory in the category of perfect complexes on a smooth projective scheme. In the
paper [GO] it was proved that phantoms exist and the procedure of their construction, connected with
the product of surfaces of the general type with pg “ q “ 0, was described. In the paper [BGKS] one
of the phantoms was constructed as an admissible subcategory in the category of perfect complexes
on the Barlow surface. In the next section 3.6 we discuss the so-called Krull–Schmidt partners, which
were introduced in the paper [O8]. These are smooth and proper noncommutative schemes X
and X 1, for which there exists a smooth proper noncommutative scheme Y with the condition
that some gluings X i
T
Y and X 1 i
T1
Y are isomorphic to each other. In particular, we give a
new procedure for constructing smooth and proper noncommutative schemes that are Krull–Schmidt
partners for usual schemes and have the same additive invariants.
The last two sections are devoted to the study of geometric realizations for finite dimensional
algebras. Any finite dimensional algebra Λ gives a noncommutative scheme V “ Perf – Λ that
5is proper. In the paper [O6] it was proved that for any such noncommutative scheme V under the
condition that the semisimple part Λ “ Λ{r is separable over the field k, one can find a geometric
realization Perf – Λ Ñ Perf –X, for which the scheme X is smooth and projective. There was
also given an explicit construction of such a geometric realization. On the other hand, in this case
of special interest are such geometric realizations for which the image of the algebra Λ is not an
arbitrary perfect complex, but some vector bundle on a scheme X. This problem can be reformulated
as follows: for an arbitrary finite dimensional algebra Λ, find and construct a smooth projective
scheme X and a vector bundle E on it such that EndXpEq – Λ and Ext
j
XpE , Eq “ 0 for all
j ą 0. In the last section such construction is suggested for an arbitrary basic algebra, i.e. for an
algebra Λ, the semisimple part Λ “ Λ{r of which is the product of the base field kˆ ¨ ¨ ¨ ˆ klooooomooooon
m
. If
the field k is algebraically closed, then this result implies a positive answer for any finite dimensional
algebra.
The construction of a smooth projective scheme X and a vector bundle E takes place in two
steps and uses the theory of quasi-hereditary algebras. In the section 4 a new concept of well-formed
quasi-hereditary algebra is introduced, and for such algebras we construct very special geometric
realizations that send standard modules to line bundles. This construction is a generalization of
the construction for quiver algebras described in the paper [O7]. Applying this new procedure to the
algebra Γ that is obtained from a basic finite dimensional algebra Λ by the Auslander construction,
we obtain a geometric realization for the algebra Λ such that Λ goes to a vector bundle E on a
smooth projective scheme X. We also note that the scheme X is a tower of projective bundles,
and the rank of the bundle E is exactly equal to the dimension of the algebra Λ.
The author is very grateful to Anton Fonarev, Alexander Kuznetsov, and Amnon Neeman for useful
discussions and valuable comments.
1. Preliminaries on triangulated and differential graded categories
1.1. Triangulated categories, generators, and semi-orthogonal decompositions. Let T be
a triangulated category. We say that a set of objects S Ă T classically generates the triangulated
category T if the smallest full triangulated subcategory of T containing S and closed under
taking direct summands coincides with the whole category T . If the set S consists of a single
object E P T , then E is called a classical generator for T .
A classical generator will be called strong if it generates the whole triangulated category T in a
finite number of steps (see, e.g. [BV]). To define it precisely, we introduce a multiplication on the set
of strictly full subcategories. Let I1 and I2 be two full subcategories of T . Denote by I1 ˚ I2
the full subcategory of T consisting of all objects X such that there is a distinguished triangle
X1 Ñ X Ñ X2 with Xi P Ii. For any subcategory I Ă T denote by xIy the smallest full
subcategory of T containing I and closed under taking finite direct sums, direct summands and
shifts. Now we can define a new multiplication on the set of strictly full subcategories closed under
finite direct sums. Put I1 ˛ I2 “ xI1 ˚ I2y and define by induction xIyk “ xIyk´1 ˛ xIy1, where
6xIy1 “ xIy. If I consists of a single object E, we denote xIy by xEy1 and put by induction
xEyk “ xEyk´1 ˛ xEy1.
Definition 1.1. An object E will be called a strong generator if xEyn “ T for some n P N.
Note that E is a classical generator if and only if
Ť
kPZ
xEyk “ T . It is evident that if a triangulated
category T has a strong generator then any classical generator of T is strong too, i.e. the existence
of a strong generator is a property of a triangulated category (see [O5]).
Definition 1.2. A triangulated category T will be called regular if it has a strong generator.
Following [Ro], we introduce a notion of dimension for a regular triangulated category T as the
smallest integer d ě 0 such that there exists an object E P T for which xEyd`1 “ T .
Now we recall the notion of a compact object. An object E of a triangulated category T is
called compact (in T ) if the functor HomT pE,´q commutes with arbitrary existing in T direct
sums (coproducts), i.e. for each family of objects tXiu Ă T , for which
À
iXi exists, the canonical
map
À
iHompE,XiqÑHompE,
À
iXiq is an isomorphism. Compact objects form a full triangulated
subcategory of T which is usually denoted as T c Ă T .
Let T be a triangulated category that admits arbitrary (small) direct sums. A full triangulated
subcategory L Ď T which is closed under taking all direct sums is called a localizing subcategory.
This means that the inclusion functor preserves direct sums. Note that L is also closed under taking
direct summands (see [N1]).
A set S Ă T c is called a set of compact generators if the smallest localizing subcategory containing
the set S coincides with the whole category T . This property is equivalent to the following: for
an object X P T , we have X – 0 if HompY,Xrnsq “ 0 for all Y P S and all n P Z.
Let T be a triangulated category with small Hom-sets, i.e Hom between any two objects should
be a set. Assume that T admits arbitrary direct sums and let L Ă T be a localizing triangulated
subcategory. We can consider the Verdier quotient T {L with a natural localization map π : T Ñ
T {L. It is known that the category T {L also has arbitrary direct sums and, moreover, the functor
π preserves direct sums (see [N2, 3.2.11]).
Notice however that Hom-sets in T {L need not be small. Assume that the Verdier quotient T {L
is a category with small Hom-sets. If the triangulated category T has a set of compact generators
then the Brown representability theorem holds for T and the quotient functor π : T Ñ T {L has a
right adjoint µ : T {LÑ T (see [N2, 8.4.5]). This adjoint is called the Bousfield localization functor.
Let j : N ãÑ T be a full embedding of triangulated categories. The subcategory N is called right
admissible (resp. left admissible) if there is a right (resp. left) adjoint q : T Ñ N to the embedding
functor j : N ãÑ T . The subcategory N is called admissible if it is both right and left admissible.
The right orthogonal (resp. left orthogonal) to the subcategory N Ă T is the full subcate-
gory NK Ă T (resp. KN ) consisting of all objects M such that HompN,Mq “ 0 (resp.
HompM,Nq “ 0 ) for any N P N . It is clear that the subcategories NK and KN are triangulated
subcategories.
7Definition 1.3. A semi-orthogonal decomposition of a triangulated category T is a sequence of full
triangulated subcategories N1, . . . ,Nn in T such that there is an increasing filtration 0 “ T0 Ă
T1 Ă ¨ ¨ ¨ Ă Tn “ T by left admissible subcategories for which the left orthogonals
KTr´1 in Tr
coincide with Nr for all 1 ď r ď n. We write T “ xN1, . . . ,Nny .
In some cases one can hope that T has a semi-orthogonal decomposition T “ xN1, . . . ,Nny in
which each Nr is as simple as possible, i.e. each of them is equivalent to the bounded derived
category of finite-dimensional vector spaces.
From now we will assume that T is a k –linear triangulated category, where k is an arbitrary
base field.
Definition 1.4. An object E of a k –linear triangulated category T is called exceptional if
HompE,Ermsq “ 0 whenever m ‰ 0, and HompE,Eq – k. An exceptional collection in T
is a sequence of exceptional objects σ “ pE1, . . . , Enq satisfying the semi-orthogonality condition
HompEi, Ejrmsq “ 0 for all m whenever i ą j.
If a triangulated category T has an exceptional collection σ “ pE1, . . . , Enq that generates the
whole of T , then this collection is called full. In this case T has a semi-orthogonal decomposition
with Nr “ xEry. Since Er is exceptional, each of these categories is equivalent to the bounded
derived category of finite dimensional k –vector spaces. In this case we write T “ xE1, . . . , Eny.
Recall now the notion of a proper triangulated category.
Definition 1.5. We say that a k –linear triangulated category T is proper if the vector spaceÀ
mPZ HompX,Y rmsq is finite-dimensional for any pair of objects X,Y P T .
Proper and regular triangulated categories have good properties. In particular, they are saturated
and admissible if they are idempotent complete. Recall that T is idempotent complete if kernels of
all projectors p : X Ñ X, p2 “ p exist as objects of T . The following theorem is due to A. Bondal
and M. Van den Bergh.
Theorem 1.6. [BV, Th. 1.3] Let T be a regular and proper triangulated category that is idem-
potent complete (Karoubian). Then every cohomological functor from T ˝ to the category of finite-
dimensional vector spaces is representable, i.e. it has the form hY “ Homp´, Y q.
A triangulated category satisfying such property of representability is called right saturated in [BK1,
BV]. It is proved [BK1, 2.6] that if a right saturated triangulated category T is a full subcategory
in a proper triangulated category, then it is right admissible there. By Theorem 1.6 a regular and
proper idempotent complete triangulated category is right saturated. Since the opposite category is
also regular and proper, it is left saturated as well. Thus, we obtain the following proposition.
Proposition 1.7. Let N Ă T be a full triangulated subcategory in a proper triangulated category
T . Assume that N is regular and idempotent complete. Then N is admissible in T .
8Recall now the definition of a Serre functor [BK1, BO1, BO2]. Let T be a proper k –linear
triangulated category. A k –linear autoequivalence S : T Ñ T is called a Serre functor if there
exists an isomorphism of bifunctors
(1) HomT pY, SXq
„
ÝÑ HomT pX,Y q
˚,
where V ˚ is the dual vector space for a space V. If such a functor exists it is exact and unique
up to a natural isomorphism (see [BK1]). In the paper [BK1] it was proved that any saturated
triangulated category T has a Serre functor. Taking into account Theorem 1.6, we obtain the
following proposition.
Proposition 1.8. Let T be a regular and proper k –linear triangulated category that is idempotent
complete. Then it has a Serre functor.
1.2. Differential graded categories. In this section we recall some facts on differential graded
(DG) categories. The main references are [K1, K2, Dr, LO]. Let k be a field and let C be
a k –linear differential graded (DG) category. This means that the morphism spaces HomC pX,Yq
are complexes of k –vector spaces (DG k –modules) and for any X,Y,Z P ObC the composition
HompY,Zq b HompX,Yq Ñ HompX,Zq is a morphism of DG k –modules.
For any DG category C we denote by H0pC q its homotopy category. The homotopy category
H0pC q has the same objects as the DG category C , and its morphisms are defined by taking the
0 –th cohomology H0pHomC pX,Yqq of the complex HomC pX,Yq.
As usual, a DG functor F : A Ñ B is given by a map F : ObpA q Ñ ObpBq and by morphisms
of DG k –modules
FX,Y : HomA pX,Yq ÝÑ HomBpFX,FYq, X,Y P ObpA q
compatible with the composition and the units.
A DG functor F : A Ñ B is called a quasi-equivalence if FX,Y is a quasi-isomorphism for all
pairs of objects X,Y of A , and the induced functor H0pFq : H0pA q Ñ H0pBq is an equivalence.
DG categories A and B are called quasi-equivalent if there exist DG categories C1, . . . ,Cn and a
chain of quasi-equivalences A
„
Ð C1
„
Ñ ¨ ¨ ¨
„
Ð Cn
„
Ñ B. Actually, for any DG category A we can
find a (quasi-equivalent) cofibrant replacement Acof
„
Ñ A such that any chain of quasi-equivalences
between A and B can be realized by a simple roof A
„
Ð Acof
„
Ñ B (see [K2, T2]).
Let A be a small k –linear DG category. A (right) DG A –module is a DG functor M :
A ˝ Ñ Mod–k, where Mod–k is the DG category of complexes of k –vector spaces and A ˝ is
the opposite DG category. We denote by Mod–A the DG category of right DG A –modules.
Let Ac–A be the full DG subcategory of Mod–A consisting of all acyclic DG modules, i.e. DG
modules M for which the complex of vector spaces MpXq has trivial cohomology for all X P A . The
homotopy category H0pMod–A q has a natural structure of triangulated category and H0pAc–A q
forms a localizing triangulated subcategory in it.
9Definition 1.9. The derived category DpA q (of DG A –modules) is defined as the Verdier quotient
DpA q :“ H0pMod–A q{H0pAc–A q.
Any object Y P A defines a representable right DG module hY
A
p´q :“ HomA p´,Yq. This gives
the Yoneda DG functor h‚ : A Ñ Mod–A that is a full embedding. A DG module is called free
if it is isomorphic to a direct sum of DG modules of the form hYrms. A DG module P is called
semi-free if it has a filtration 0 “ Φ0 Ă Φ1 Ă ... “ P with free quotients Φi`1{Φi. The full DG
subcategory of semi-free DG modules is denoted by SF–A .
It is also natural to consider the category of h-projective DG modules. A DG A –module P is
called h-projective (homotopically projective) if
HomH0pMod–A qpP,Nq “ 0
for every acyclic DG module N. (Dually, we can define h-injective DG modules.) Let PpA q Ă
Mod–A denote the full DG subcategory of h-projective objects. It can be easily checked that a
semi-free DG-module is h-projective and the natural embedding SF–A ãÑ PpA q is a quasi-
equivalence. Moreover, for any DG A –module M there is a quasi-isomorphism pM Ñ M such
that pM is a semi-free DG A –module (see [K1, Hi, Dr]). Hence, the canonical DG functors
SF–A ãÑ PpA q ãÑ Mod–A induce equivalences H0pSF–A q
„
Ñ H0pPpA qq
„
Ñ DpA q of
triangulated categories. Dually, it can be shown that for any DG A –module M there is a quasi-
isomorphism MÑ iM such that iM is h-injective (see [K1]).
We denote by SFfg–A Ă SF–A the full DG subcategory of finitely generated semi-free DG
modules, i.e. Φn “ P for some n and Φi`1{Φi is a finite direct sum of DG modules of the form
hY rms for any i.
Definition 1.10. The DG category of perfect DG modules Perf –A is the full DG subcategory
of SF–A consisting of all DG modules that are isomorphic to direct summands of objects from
SFfg–A in the homotopy category H
0pSF–A q.
Denote by Perf –A the homotopy category H0pPerf –A q. It is triangulated and it is equivalent
to the subcategory of compact objects DpA qc Ă DpA q (see [N1, K2]).
To any DG category A we can associate a DG category A pre-tr that is called the pretriangulated
hull and a canonical fully faithful DG functor A ãÑ A pre-tr (see [BK2, K2]). The idea of the definition
of A pre-tr is to add to A all shifts, all cones, cones of morphisms between cones and etc. There
is a canonical fully faithful DG functor (the Yoneda embedding) A pre-tr Ñ Mod–A , and under
this embedding A pre-tr is equivalent to the DG category of finitely generated semi-free DG modules
SFfg–A . If A is small, then the pretriangulated hull A
pre-tr is also small, and in some sense it
is a small version for the essentially small DG category SFfg–A .
A DG category A is called pretriangulated if the canonical DG functor A Ñ A pre-tr is a
quasi-equivalence. This property is equivalent to requiring that the homotopy category H0pA q is
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triangulated as a subcategory of H0pMod–A q. The DG category A pre-tr is always pretriangulated,
so H0pA pre-trq is a triangulated category.
If A is pretriangulated and H0pA q is idempotent complete, then the Yoneda functor h‚ : A Ñ
Perf –A is a quasi-equivalence and, hence, the induced exact functor h : H0pA q Ñ Perf –A is an
equivalence of triangulated categories.
Definition 1.11. Let T be a triangulated category. An enhancement of T is a pair pA , εq, where
A is a pretriangulated DG category and ε : H0pA q
„
Ñ T is an equivalence of triangulated categories.
Thus, the DG category SF–A of semi-free DG modules is an enhancement of the derived
category DpA q while the DG category Perf –A of perfect DG modules is an enhancement of the
triangulated category Perf –A .
1.3. Differential graded functors and quasi-functors. Let F : A Ñ B be a DG functor
between small DG categories. It induces the restriction DG functor F˚ : Mod–B ÝÑ Mod–A
which sends a DG B –module N to N¨F.
The restriction functor F˚ has left and right adjoint functors F
˚,F! that are defined as follows:
F˚MpYq “ MbA F˚hY, F
!MpYq “ HomMod–A pF˚h
Y,Mq,
where Y P B, M P Mod–A , and hYp´q :“ HomBp´,Yq is a right DG B –module, while hYp´q :“
HomBpY,´q is a left DG B –module. The DG functor F
˚ is called the induction functor and it
is an extension of F on the category of DG modules, i.e there is an isomorphism of DG functors
F˚¨h‚
A
– h‚
B
¨F.
The DG functor F˚ preserves acyclic DG modules and induces a derived functor F˚ : DpBq Ñ
DpA q. By adjunctions, the DG functors F˚,F! preserve h-projective and h-injective DG modules,
respectively. Existence of h-projective and h-injective resolutions allows us to define derived functors
LF ˚ and RF ! from DpA q to DpBq. For example, the derived functor LF ˚ : DpA q Ñ DpBq
is the induced homotopy functor H0pF˚q for the extension DG functor F˚ : SF–A Ñ SF–B.
More generally, let T be an A -B –bimodule, that is (by definition) a DG-module over A opbB.
For each DG A –module M we obtain a DG B –module MbA T. The DG functor p´q bA T :
Mod–A Ñ Mod–B admits a right adjoint HomBpT,´q. These functors do not respect quasi-
isomorphisms in general, but applying them to h-projective (h-injective) DG modules we obtain an
adjoint pair of derived functors p´q
L
bA T and RHomBpT,´q between the derived categories
DpA q and DpBq (see [K1, K2]).
It is evident that the categories DpA q and Perf –A are invariant under quasi-equivalences of
DG categories. Moreover, if a DG functor F : A Ñ B is a quasi-equivalence, then the functors
F˚ : Perf –A ÝÑ Perf –B and F˚ : SF–A ÝÑ SF–B are quasi-equivalences too.
Furthermore, we have the following proposition that is essentially equivalent to Lemma 4.2 in [K1]
(see also [LO, Prop. 1.15]).
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Proposition 1.12. [K1] Let F : A ãÑ B be a full embedding of DG categories and let F˚ :
Perf –A Ñ Perf –B (resp. F˚ : SF–A Ñ SF–B ) be the extension DG functor. Then the
derived functor LF ˚ : Perf –A Ñ Perf –B (resp. LF ˚ : DpA q Ñ DpBq ) is fully faithful.
If, in addition, the category Perf –B is classically generated by ObA , then LF ˚ is an equiv-
alence and the DG functor F˚ : Perf –A Ñ Perf –B (resp. F˚ : SF–A Ñ SF–B ) is a
quasi-equivalence.
Remark 1.13. Applying this proposition to the case B “ Perf –A we obtain quasi-equivalences
B “ Perf –A
„
Ñ Perf –B and SF–A
„
Ñ SF–B that induce an equivalence between the derived
categories DpA q and DpPerf –A q.
On the other hand, we can also consider the restriction DG functor F˚ : Mod–B ÝÑ Mod–A
and the induced derived functor F˚ : DpBq Ñ DpA q. The functor F˚ is right adjoint to the derived
functor LF ˚ : DpA q Ñ DpBq. The composition of DG functor F˚ with the Yoneda DG functor
h‚
B
gives a DG functor B Ñ Mod–A and a homotopy functor H0pBq Ñ DpA q. As result we
obtain the following proposition, a proof of which can be found in [LO].
Proposition 1.14. Let F : A ãÑ B be a full embedding of DG categories. Assume that ObA
forms a set of compact generators of DpBq. Then the derived functor F˚ : DpBq Ñ DpA q is an
equivalence. If, in addition, B is pretriangulated and the homotopy category H0pBq is idempotent
complete, then the derived functor F˚ induces an equivalence between H
0pBq and the triangulated
category Perf –A , and the DG categories B and Perf –A are quasi-equivalent.
Let A and B be two small DG categories. Since we consider DG categories up to quasi-
equivalence, it is natural to consider morphisms from A to B as roofs A
„
Ð AcofÑB, where
A
„
Ð Acof is a cofibrant replacement (see, e.g. [K2]). These sets of morphisms are much better
described in term of quasi-functors.
Definition 1.15. A DG A -B –bimodule T is called a quasi-functor from A to B if the tensor
functor p´q
L
bA T : DpA q Ñ DpBq takes every representable DG A –module to an object which is
isomorphic in DpBq to a representable B –module.
In other words, a quasi-functor is represented by a DG functor A Ñ Mod–B whose essential
image consists of quasi-representable DG B –modules, where “quasi-representable” means quasi-
isomorphic to a representable DG module. Since the category of quasi-representable DG B –modules
is equivalent to H0pBq, a quasi-functor T defines a functor H0pTq : H0pA q Ñ H0pBq. By the
same reasons the restriction of the tensor functor p´q
L
bA T on the category of perfect modules
Perf –A induces a functor Perf –A Ñ Perf –B. In particular case, when A is a DG algebra,
the quasi-functor T considered as DG B –module is quasi-isomorphic to a representable DG B –
module and, hence, it is perfect B –module.
Denote by ReppA , Bq the full subcategory of the derived category DpA op b Bq of A -B –
bimodules consisting of all quasi-functors.
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It is known that the morphisms from A to B in the localization of the category of all small
DG k -linear categories with respect to the quasi-equivalences are in a natural bijection with the
isomorphism classes of ReppA ,Bq (see [To]). Due to this theorem, any morphism of the form
A
„
Ð Acof Ñ B will be called a quasi-functor.
Let F : A Ñ B be a quasi-functor. It can be realized as a roof A
a
ÐÝ Acof
F1
ÝÑ B, where a
and F1 are DG functors, and a is a quasi-equivalence. The quasi-functor F induces functors
(2) LF ˚ “ LF
1˚¨a˚ : DpA q ÝÑ DpBq and RF˚ :“ Ra
!¨F 1˚ : DpBq ÝÑ DpA q.
Since a is a quasi-equivalence, the functor a˚ : DpA q Ñ DpAcof q is an equivalence, and the
functor Ra! is quasi-inverse to a˚. Hence, the right adjoint functor Ra
! is isomorphic to the left
adjoint La˚, and RF˚ – La
˚¨F 1˚. Thus, we conclude that the functor RF˚ has a right adjoint
functor
RF ! “ RF
1!¨a˚ : DpA q ÝÑ DpBq
and, hence, commutes with all direct sums.
The inverse image functor LF ˚ : DpA q Ñ DpBq induces the functor LF ˚ : Perf –A Ñ Perf –B
between subcategories of perfect modules, while the functors RF˚,RF
! do not necessarily send
perfect modules to perfect modules.
If now we consider the quasi-functor F as a DG A -B –bimodule T, then there are isomorphisms
of functors
LF ˚ – p´q
L
bA T : DpA q ÝÑ DpBq and RF˚ – RHomBpT,´q : DpBq ÝÑ DpA q.
Actually, quasi-functors from A to B form a DG category ReppA ,Bq that can be
defined as the full DG subcategory of the DG category of semi-free DG A -B –bimodules
SF–pA ˝ b Bq consisting of all the objects of ReppA ,Bq. It follows from the definition that
H0pReppA ,Bqq – ReppA ,Bq. The DG category of all quasi-functors ReppA ,Bq can be also
described as RHompA ,Bq, where RHom is an internal Hom-functor in the localization of the
category of all small DG k -linear categories with respect to quasi-equivalences (see [To]).
2. Derived noncommutative schemes, their properties, and geometric realizations
2.1. Derived noncommutative schemes and their properties. Let X be a quasi-compact and
quasi-separated scheme over a field k. Let QcohX denote the abelian category of quasi-coherent
sheaves on X. To any such scheme one can associate the derived category of OX –modules with
quasi-coherent cohomology DQcohpXq. It admits arbitrary direct sums. It is also known and proved
in [N1, BV] that the subcategory of compact objects in this category coincides with the subcategory
of perfect complexes Perf –X . Recall that a complex of OX –modules on a scheme is called perfect
if it is locally quasi-isomorphic to a bounded complex of locally free sheaves of finite type.
In [N1, BV] it was proved that the category Perf –X admits a classical generator. Let us take
such a generator R as an object of the DG category Perf –X. Denote by R its DG algebra of
endomorphisms, i.e. R “ HompR,Rq. Proposition 1.12 implies that the DG category Perf –X is
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quasi-equivalent to Perf –R. In this case, as a corollary, we also obtain an equivalence between
derived categories DpRq
„
Ñ DQcohpXq and the triangulated categories Perf –R Ñ Perf –X. Since
R is a perfect complex, the DG algebra R has only finitely many nontrivial cohomology groups.
This fact allows us to suggest a definition of a derived noncommutative scheme over k.
Definition 2.1. A derived noncommutative scheme X over a field k is a k –linear DG category
of the form Perf –R, where R is a cohomologically bounded DG algebra over k. The derived cat-
egory DpRq is called the derived category of quasi-coherent sheaves on this noncommutative scheme
while the triangulated category Perf –R is called the category of perfect complexes on it.
Henceforth, for shortness, we will sometimes omit the adjective “derived” sometimes and we will
refer to such object “noncommutative scheme”.
For any noncommutative scheme X we have the opposite noncommutative scheme X ˝ that is
the DG category Perf –R˝, where R˝ is the opposite DG algebra. We can also define the tensor
product X bk Y of noncommutative schemes X “ Perf –R and X “ Perf –S as the derived
noncommutative scheme Perf –pR bk S q.
Let us consider and discuss some natural properties of noncommutative schemes.
Definition 2.2. A noncommutative scheme X “ Perf –R will be called proper if the triangu-
lated category Perf –R is proper, i.e. the k –vector spaces
À
pPZH
ppHomPerf –RpM,Nqq are finite-
dimensional for any two perfect DG modules M,N P Perf –R.
This property can be described in terms of the DG algebra R. It can be checked that the noncom-
mutative scheme Perf –R is proper if and only if the cohomology algebra
À
pPZH
ppRq is finite
dimensional. It can be shown that Definition 2.2 is consistent with the usual concept of a proper
scheme.
Proposition 2.3. [O6, Prop 3.30] Let X be a separated scheme of finite type over a field k. Then
X is proper if and only if the category of perfect complexes Perf –X is proper.
Another fundamental property of usual commutative schemes that can be extended to noncommu-
tative schemes is regularity.
Definition 2.4. A noncommutative scheme X “ Perf –R is called regular if the triangulated
category Perf –R is regular, i.e. it has a strong generator.
It was proved in [N3] that for a quasi-compact and separated scheme X the triangulated category
Perf –X is regular if and only if X can be covered by open affine subschemes SpecpRiq, where each
Ri has finite global dimension. There is also a short proof of this fact for a separated noetherian
scheme over k of finite Krull dimension with noetherian square X ˆk X (see [O6, Th.3.27]).
Regularity of a scheme is closely related to another important property that is called smoothness.
However, smoothness depends on the base field k. A small k –linear DG category A is called
k –smooth if it is perfect as a DG bimodule, i.e. as a DG module over A ˝ bk A (see [KS]). Thus,
we obtain a definition of smoothness for noncommutative schemes:
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Definition 2.5. A noncommutative scheme X “ Perf –R is called k –smooth if the the DG
category Perf –R is k –smooth, i.e it is perfect as a DG bimodule.
Smoothness is invariant under Morita equivalence [LS1]. This means that if DpA q and DpBq
are equivalent through a functor of the form p´q
L
bA T, where T is an A -B –bimodule, then
A is smooth if and only if B is smooth. Thus, the DG category Perf –R is smooth if and only
if R is smooth. It is proved in [Lu] that a smooth DG category A is regular. Thus, a smooth
noncommutative scheme is also regular.
A usual commutative scheme X over a field k is called smooth if it is of finite type and the schemesX “ X bk sk is regular, where sk is an algebraic closure of k. It is proved in [Lu] that a separated
scheme X of finite type is smooth if and only if the DG category Perf –X is smooth (see also
[LS2, O6]). Thus, we have defined and can talk about smooth, regular and proper noncommutative
schemes.
For any two derived noncommutative schemes X and Y we can consider the tensor product
X bk Y . If both X and Y are proper, then X bk Y is also proper. It can be also shown
that the tensor product X bk Y is smooth when X and Y are smooth. However, the tensor
product of regular schemes is not necessarily regular even for usual commutative schemes.
2.2. Morphisms of derived noncommutative schemes. Let X “ Perf –R and Y “
Perf –S be two derived noncommutative schemes over an arbitrary field k.
Definition 2.6. A morphism f : X Ñ Y of noncommutative schemes is a quasi-functor F :
Perf –S Ñ Perf –R.
With any usual morphism f : X Ñ Y of commutative schemes X and Y one can associate the
inverse image functor f˚ : Perf – Y Ñ Perf –X. Therefore, any morphism between commutative
schemes induces a morphism between the corresponding noncommutative schemes. Meanwile, in the
derived noncommutative world we have a lot of additional morphisms between commutative schemes
because there are many other quasi-functors between DG categories of perfect complexes.
Let X “ Perf –R and Y “ Perf –S be two noncommutative schemes and let f : X Ñ Y
be a morphism, i.e. a quasi-functor F : Perf –S Ñ Perf –R. Any such morphism induces derived
functors
Lf˚ :“ LF ˚ : DpS q ÝÑ DpRq and Rf˚ :“ RF˚ : DpRq ÝÑ DpS q
that are defined for any quasi-functor F in (2) and will be called the inverse image and the direct
image functors, respectively. We also have the functor f ! :“ RF ! that is right adjoint to Rf˚.
The inverse image functor Lf˚ sends perfect modules to perfect modules, and its restriction to
Perf –S is isomorphic to the homotopy functor H0pFq : Perf –S Ñ Perf –R. The direct image
functor Rf˚ : DpRq Ñ DpS q commutes with arbitrary direct sums.
The most important morphisms for us are those for which the inverse image functor Lf˚ is fully
faithful.
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Definition 2.7. A morphism f : X Ñ Y of noncommutative schemes is called an ff-morphism
(fully faithful morphism) if the inverse image functor Lf˚ is fully faithful.
Note that the functor Lf˚ : DpS q Ñ DpRq is fully faithful if and only if its restriction Lf˚ :
Perf –S Ñ Perf –R is fully faithful (see, e.g., Proposition 1.12 and Remark 1.13). Furthermore, for
any ff-morphism f : X Ñ Y the functor f ! : DpS q Ñ DpRq is fully faithful too, because the
composition functor Rf˚f
! is right adjoint to Rf˚Lf
˚ – id.
It is easy to see that by projection formula a morphism f : X Ñ Y between usual commutative
schemes is an ff-morphism if and only if the direct image Rf˚OX is isomorphic to OY . Only in
this case the inverse image functor Lf˚ : DQcohpY q Ñ DQcohpXq is fully faithful.
Another class of morphisms that can be extended to derived noncommutative schemes is the so
called perfect proper morphisms.
Definition 2.8. A morphism f : X Ñ Y of derived noncommutative schemes is called a pp-
morphism (perfect proper morphism) if the direct image functor Rf˚ sends perfect modules to perfect
ones.
This also means that the inverse image functor Lf˚ as a functor from Perf –S to Perf –R has
a right adjoint Rf˚ : Perf –R Ñ Perf –S . As a consequence, the right adjoint to the corresponding
to f quasi-functor F induces a quasi-functor G : Perf –R Ñ Perf –S for which H0pGq – Rf˚.
Thus, in this case we obtain a morphism g : Y Ñ X that can be called a “right adjoint” morphism
to the morphism f. If a morphism f is an ff-morphism and a pp-morphism simultaneously, we
obtain an isomorphism of morphisms f¨g – idY .
Perfect morphisms of schemes were defined in [SGA6, III] as pseudo-coherent morphisms of locally
finite Tor-dimension. For a locally noetherian scheme Y a pseudo-coherent morphism f : X Ñ Y
is the same as a morphism locally of finite type and in this case if f is perfect and proper then the
direct image functor Rf˚ sends perfect complexes on X to perfect complexes on Y (see [SGA6,
III] and [TT, 2.5.5]).
We can also define other types of morphisms. For example, we can say that a morphism f :
X Ñ Y is quasi-affine if the image of perfect modules Perf –S under the inverse image functor
Lf˚ classically generate the category Perf –R. Taking into account Proposition 1.12 we see that
a quasi-affine ff-morphism f : X Ñ Y induces an equivalence Lf˚ : Perf –S Ñ Perf –R and a
quasi-equivalence between the DG categories Perf –S and Perf –R. Hence, we conclude that
the noncommutative schemes X and Y are isomorphic in this case.
In commutative situation smooth projective varieties X and Y that have equivalent triangu-
lated categories Perf –X and Perf –Y are called Fourier-Mukai partners. Since any equivalence is
represented by an object on the product [O2, LO], the DG categories Perf –X and Perf – Y are
quasi-equivalent, and Fourier-Mukai partners determine the same derived noncommutative scheme.
The most famous example due to S. Mukai [Mu] and is given by an abelian variety A and the dual
abelian variety pA (see also [O3, O4]).
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One can introduce the triangulated category of cohomologically bounded pseudo-coherent complexes on
X and denote it by DbpcohX q, because it is equivalent to a bounded derived category of coherent
sheaves on a noetherian scheme in the commutative case. At first, let us consider the full triangulated
subcategory DbpRq Ă DpRq consisting of all DG R –modules N cohomology of which are bounded.
Now we say that an object M P DbpRq belongs to the full subcategory DbpcohX q Ă DbpRq if
for any sufficiently large N P N there are a perfect module P P Perf –R and a morphism PÑ M
such that the induced maps HkpPq Ñ HkpMq are isomorphisms for all k ě ´N (see, e.g., [N4]).
Through the definition of cohomology HkpMq “ HomDpRqpR,Mq depends on R, the definition of
a pseudo-coherent module does not depend on the choice of a classical generator for Perf –R. It is
evident that there is a natural inclusion of triangulated categories Perf –R Ď DbpcohX q.
Any morphism f : X Ñ Y is a quasi-functor F : Perf –S Ñ Perf –R and is given by a DG
S -R –bimodule T. Since R is cohomologically bounded and T is perfect as DG R –module,
the direct image functor Rf˚ “ RHomRpT,´q sends D
bpRq to DbpS q for any morphism f.
Now we can say that a morphism f : X Ñ Y is of finite Tor-dimension if the inverse image functor
Lf˚ : DpS q Ñ DpRq sends DbpS q to DbpRq and we say that f is proper if the direct image
functor Rf˚ sends D
bpcohX q to DbpcohY q.
Definition 2.9. A morphism of derived noncommutative schemes f : X Ñ Y is called an immersion
if the direct image functor Rf˚ : DpRq Ñ DpS q is fully faithful.
In this case the derived category DpRq can be obtained as a Bousfield localization (and colocal-
ization) of DpS q (see, e.g. [N2, Ch.9]). An example of such a morphism in commutative algebraic
geometry is given by a usual open immersion j : U ãÑ Y.
Definition 2.10. Let X be a noncommutative scheme. A compactification of X is a morphism
f : X Ñ ĎX such that f is an immersion, and the noncommutative scheme ĎX is proper.
Another important notion is a resolution of singularities, or desingularization.
Definition 2.11. Let X be a derived noncommutative scheme. A regular (resp. smooth) desingular-
ization of X is a morphism f : ĂX Ñ X such that f is an ff-morphism, and the noncommutative
scheme ĂX is regular (resp. smooth).
We have to note that a usual resolution of singularities f : rX Ñ X of a commutative scheme is
not necessarily a desingularization in the noncommutative case, because we ask that the inverse image
functor Lf˚ is fully faithful. This condition is fulfilled only if Rf˚O rX – OX , i.e. if X has rational
singularities. However, it follows from the main theorem of [KL, Th.1.4] that a separated scheme of
finite type X over a field of characteristic 0 has a smooth desingularization as in Definition 2.11.
By the construction of this resolution, there is a quasi-functor G : Perf –X Ñ D , where D is a
gluing of DG categories of perfect complexes on smooth proper schemes, and the induced homotopy
functor G : Perf –Y Ñ D is fully faithful.
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2.3. Categories of morphisms and Serre functors. It was discussed above that quasi-functors
form a DG category. Therefore, morphisms between derived noncommutative schemes X and Y
also form a DG category which will be denoted by Mor pX ,Y q. For any derived noncommutative
schemes X “ Perf –R and Y “ Perf –S we have a quasi-equivalences of DG categories:
Mor pX ,Y q :“ ReppPerf –S ,Perf –Rq – ReppS ,Perf –Rq Ă SF–pS ˝ bk Rq.
The DG category Mor pX ,Y q is pretriangulated and there is a triangulated category of mor-
phisms Mor pX ,Y q “ H0pMor pX ,Y qq. In particular, we can add any two morphisms and con-
sider morphisms between morphisms. It is evident that the DG category Mor pX ,ptq of mor-
phisms from X to the point pt is quasi-equivalent to Perf –R. Besides, the DG category
Mor ppt,X q consists of DG R˝ –modules N that are perfect as complexes of k –vector spaces,
i.e. dimk
À
iH
ipNq ă 8.
By Theorem 1.6, if a triangulated category T is regular, proper, and idempotent complete, then
any exact functor from T ˝ to Perf –k is representable. The proof of Theorem 1.6 (see [BV]) works
for DG categories without any changes and, moreover, can be deduced from it.
Proposition 2.12. [O6, Th. 3.18] Let A be a small DG category that is regular and proper. Then
a DG module M is perfect if and only if dim
À
iH
ipMpXqq ă 8 for all X P A .
In particular, we obtain the following corollary.
Corollary 2.13. Let Y be a derived noncommutative scheme that is regular and proper. Then
there is a quasi-equivalence Mor ppt,Y q – Y ˝.
If the noncommutative scheme Y “ Perf –S is proper, then the DG category Mor pX ,Y q
contains Perf –pS ˝bkRq as a DG subcategory, because the perfect DG S -R –bimodule S bkR,
which classically generates the category Perf –pS ˝ bk Rq, is perfect as a DG R –module too.
Besides, if a noncommutative scheme Y is smooth, then we have an opposite inclusion
Mor pX ,Y q Ď Perf –pS ˝ bk Rq. Indeed, for a smooth Y the DG S -S –bimodule S is per-
fect. The category of perfect S -S –bimodules is classically generated by the bimodule S bk S .
Thus, any DG S -R –bimodule T – S bS T belongs to the subcategory generated by the DG
S -R –bimodule
pS bk S q bS T – S bk T.
Suppose that T is perfect as a DG R –module, then S bk T is perfect as DG S -R –bimodule,
and, hence, T is perfect as DG S -R –bimodule too. Thus, we obtain an inclusion Mor pX ,Y q Ď
Perf –pS ˝ bk Rq. Finally, we obtain the following proposition:
Proposition 2.14. Let Y be a derived noncommutative scheme that is smooth and proper. Then
there is a natural quasi-equivalence
(3) Mor pX ,Y q :“ Perf –pS ˝ bk Rq – Y
˝ bk X .
for any derived noncommutative scheme X .
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At the same time, there is the following theorem due to B. Toe¨n.
Theorem 2.15. [To] Let X and Y be smooth projective schemes over a field k. Then there is a
canonical quasi-equivalence
Mor pX,Y q – ReppPerf – Y, Perf –Xq – Perf – pY ˆk Xq.
In particular, the DG category Perf – pY ˆk Xq is quasi-equivalent to the DG category of perfect
DG modules over pPerf – Y q˝ bk pPerf –Xq.
The quasi-equivalence between the DG category Perf –pY ˆkXq and the DG category of perfect
DG modules over pPerf – Y q˝ bk pPerf –Xq can be described explicitly. Consider DG functors
pr˚1 : Perf – Y ÝÑ Perf –pY ˆk Xq, and pr
˚
2 : Perf –X ÝÑ Perf –pY ˆk Xq
induced by the projections pr1 : Y ˆkX Ñ Y and pr2 : Y ˆkX Ñ X. For any perfect complex E
on the product Y ˆk X we can define a bimodule TE by the rule
TEpN,Mq – HomPerf –pYˆXqppr
˚
2M, pr
˚
1Nb Eq, where M P Perf –X, N P Perf – Y.
This is exactly the required quasi-equivalence.
Let X “ Perf –R be a derived noncommutative scheme. If it is proper and regular, then, by
Proposition 1.8, the triangulated category Perf –R has a Serre functor. Recall that an autoequiva-
lence SX is a Serre functor if it induces bifunctorial isomorphisms
HomPerf –RpN, SX pMqq
„
ÝÑ HomPerf –RpM,Nq
˚.
for any M,N P Perf –R (see [BK1, BO1, BO2] and also [Shk] for DG case). For a usual regular
projective scheme X the Serre functor is isomorphic to p´q b ωXrns, where ωX is the canonical
sheaf and n is the dimension of X.
For any right DG R –module M we can define left DG R –modules M˚ :“ HomkpM,kq and
M_ :“ HomRpM,Rq. Consider the DG R-R –bimodule R
˚ :“ HomkpR,kq and the derived functor
p´q
L
bR R
˚ from DpRq to itself. If P is a perfect DG R –module, then pP_q_ – P and there
is an isomorphism P
L
bR R
˚ – pP_q˚, because
P
L
bR R
˚ – HomRpR,P
L
bR R
˚q – HomRpP
_,HomkpR,kqq – HomkpP
_,kq – pP_q˚.
Let us consider the functor p´q
L
bR R
˚ as a functor from Perf –R to DpRq. There is the
following sequence of isomorphisms
HomX pP,Mq
˚ – HomkpM
L
bR P
_,kq – HomX pM,HomkpP
_,kqq – HomX pM,P
L
bR R
˚q,
where the notation HomX is used for a space of morphisms in the triangulated category Perf –R.
These isomorphisms show us that the functor p´q
L
bR R
˚ : Perf –R Ñ DpRq induces Serre duality.
If it sends Perf –R to itself, then we obtain a Serre functor on the category Perf –R. This happens
when R˚ is a perfect (right) DG R –module.
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Furthermore, a perfect DG module P P Perf –R defines a morphism f : X Ñ pt. By the
definition of this morphism, we have Lf˚k – P. Let us consider the functor f ! : Dpkq Ñ DpRq and
apply it to k. The following sequence of isomorphisms
HomX pM, f
!kq – HomkpRf˚M,kq – Homkpk,Rf˚Mq
˚ – HomX pLf
˚k,Mq˚ – HomX pP,Mq
˚
shows us that the object f !k is isomorphic to P
L
bR R
˚. When the category Perf –R has a Serre
functor SX , we obtain that SX pPq – SX pLf
˚kq – f !k. For example, this holds when X is
regular and proper.
Let us consider a morphism f : X Ñ Y of noncommutative schemes X “ Perf –R and
Y “ Perf –S and assume that the category Perf –S has a Serre functor SY . Then there is the
following sequence of isomorphisms
HomX pLf
˚N,Mq˚ – HomY pN,Rf˚Mq
˚ – HomY pRf˚M, SY Nq – HomX pM, f
!SY Nq,
where N P Perf –S and M P Perf –R. It shows that there is a relation between the Serre functor
on Y and a Serre functor on X if it exists. Thus, we obtain the following proposition:
Proposition 2.16. Let f : X Ñ Y be a morphism of noncommutative schemes X “ Perf –R
and Y “ Perf –S , which possess Serre functors SX and SY , respectively. Then for any
N P Perf –S there is an isomorphism
SX pLf
˚Nq – f !pSY Nq.(4)
in the triangulated category Perf –R.
Serre functor is an intrinsic invariant of a triangulated category that, in some cases, allow to talk
about certain notion of dimension for noncommutative schemes and many other things. For example,
a proper noncommutative scheme X will be called a weak Calabi-Yau variety of dimension m if it
has a Serre functor SX that is isomorphic to the shift functor rms.
2.4. Geometric realizations of derived noncommutative schemes. The most interesting de-
rived noncommutative schemes appear as full DG subcategories of the DG categories Perf –Z, where
Z is some usual commutative scheme. Moreover, any such realization carries an important geometric
meaning and gives us a new way to look at these derived noncommutative schemes.
Definition 2.17. A geometric realization of a derived noncommutative scheme X “ Perf –R is
a usual commutative scheme Z and a localizing subcategory L Ď DQcohpZq such that its natural
enhancement L is quasi-equivalent to SF–R.
Thus, the derived category DpRq is equivalent to the localizing subcategory L and there is a fully
faithful functor DpRq Ñ DQcohpZq the image of which coincides with the subcategory L. Moreover,
since this inclusion functor preserves direct sums and the category DpRq is compactly generated,
there exists a right adjoint to the inclusion functor as a consequence of Brown representability theorem
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(see [N2, 9.1.19]). This implies that the category L – DpRq can be realized as a Verdier quotient
(localization) of the category DQcohpZq.
The most important class of geometric realizations is given by the ff-morphisms f : Z Ñ X . In
this case the inverse image functor Lf˚ : DpRq Ñ DQcohpZq gives a geometric realization for X .
The functor Lf˚ gives a full embedding Perf –R ãÑ Perf –Z. Thus, it is exactly a case when the
localizing subcategory L is compactly generated by some perfect complexes on Z and, hence, there
is an inclusion of subcategories of compact objects Lc – Perf –R Ă Perf –Z.
Conversely, if we have an inclusion Lc – Perf –R Ă Perf –Z, then it gives an ff-morphism f : Z Ñ
X . In this case the inverse image functor Lf˚ : DpRq Ñ DQcohpZq gives a geometric realization for
X and the direct image functor Rf˚ realizes DpRq as a localization of the category DQcohpZq.
Moreover, it is a so-called Bousfield localization because there exists a right adjoint functor f ! :
DpRq Ñ DQcohpZq. Such geometric realizations will be called plain. If, in addition, the morphism f
is a pp-morphism, i.e. the inclusion Perf –R Ă Perf –Z has a right adjoint, then such a geometric
realization will be called perfectly plain.
Example 2.18. Let π : rX Ñ X be a proper birational morphism that is a resolution of singularities
of X. Assume that Rπ˚O rX – OX . Then π is an ff-morphism and the inverse image functor Lπ˚
gives a geometric realization for X. This realization is plain but it is not perfectly plain when X
is singular.
Another class of geometric realizations is given by immersive morphisms j : X Ñ Z (see Definition
2.9). In this situation the direct image functor Rj˚ : DpRq Ñ DQcohpZq is fully faithful and
the inverse image functor Lj˚ : DQcohpZq Ñ DpRq is a Bousfield localization. Such geometric
realizations will be called immersive.
Suppose now that an immersive morphism j : X Ñ Z is a pp-morphism, i.e. Rj˚ is fully faithful
and it sends perfect modules to perfect ones. Thus, there is a quasi-functor G : Perf –R Ñ Perf –Z
such that H0pGq – Rj˚. The quasi-functor G gives an ff-morphism g : Z Ñ X by itself. We
have an isomorphism g¨j – idX . In this case the geometric realization is connected with a pair of
adjoint morphisms pj, gq, where Rj˚ – Lg
˚ is fully faithful. It will be called perfectly immersive.
If, in addition, the morphism g is a pp-morphism, then the subcategory Perf –R Ă Perf –Z is
admissible. In this case the geometric realization is perfectly plain and perfectly immersive simulta-
neously and it will be called pure.
Example 2.19. Let j : U Ñ X be an open immersion. Then the functor Rj˚ is fully faithful
and give a geometric realization for U in X. This realization is immersive but it is not perfectly
immersive in general.
Many interesting examples of noncommutative schemes naturally appear as admissible subcate-
gories N Ă Perf –X for some smooth projective scheme X. More precisely, for any such subcate-
gory we can consider its DG enhancement N Ă Perf –X. It is a DG category that has a generator
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and, hence, can be realized as Perf – E for some cohomologically bounded DG algebra E . In-
deed, since N is admissible in Perf –X, the inclusion functor has right and left adjoint projections.
Thus, a projection of a generator in Perf –X to N gives a classical generator for N . Moreover,
the noncommutative scheme N is proper being a full subcategory of the proper category Perf –X.
Furthermore, it is regular, because a projection of a strong generator gives a strong generator in N .
It also can be shown that the noncommutative scheme N is smooth as an admissible subcategory
of the smooth category Perf –X (see Proposition 3.10). Note that, by construction, the derived
noncommutative scheme N Ă Perf –X is coming with geometric realization and, moreover, this
geometric realization is pure because N is admissible.
Example 2.20. Let X be a proper scheme such that H0pX,OX q – k and H
ipX,OX q “ 0,
when i ą 0. Then the structure sheaf OX is an exceptional. The subcategory xOXy Ă Perf –X
is admissible and gives a pure geometric realization for the point pt. Let us consider the left and
right orthogonals N – KxOXy and M – xOXy
K, respectively. The right orthogonal M is left
admissible in Perf –X. It defines a derived noncommutative scheme M Ă Perf –X together with
a perfectly immersive geometric realization. Besides the left orthogonal N is right admissible in
Perf –X. It defines a derived noncommutative scheme N Ă Perf –X together with a perfectly
plain geometric realization. When X is smooth, the geometric realizations of M and N are
pure as well. However, for a singular scheme X these realizations are not necessarily pure.
All other geometric realizations, which are neither plain nor immersive, will be called mixed. We
can obtain different mixed realizations as compositions of functors of the form Lf˚ and Rj˚ for ff-
morphisms f and immersive morphisms j, where the target category of the last functor is DQcohpZq
for some commutative scheme Z. Any such composed functor preserves all direct sums and has a
right adjoint functor that is the composition of the functors of the form Rf˚ and j
!.
3. Gluing of derived noncommutative schemes and geometric realizations
3.1. Gluing of differential graded categories. Let A and B be two small DG categories and
let T be a DG B-A –bimodule, i.e. a DG B˝ b A –module. We construct the so called lower
triangular DG category corresponding to the data pA ,B;Tq.
Definition 3.1. Let A and B be two small DG categories and let T be a DG B-A –bimodule.
The lower triangular DG category C “ A v
T
B is defined as follows:
1) ObpC q “ ObpA q
Ů
ObpBq,
2) HomC pX,Yq “
$’’’’’’’&’’’’’’’%
HomA pX,Yq, when X,Y P A
HomBpX,Yq, when X,Y P B
TpY,Xq, when X P A ,Y P B
0, when X P B,Y P A
with the composition law coming from the DG categories A ,B and the bimodule structure on T.
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The lower triangular DG category C “ A v
T
B is not necessarily pretriangulated even if the
components A and B are pretriangulated. To make this operation well-defined on the class of
pretriangulated categories, we introduce gluing of pretriangulated categories (see [T2, KL, Ef, O6]).
Definition 3.2. Let A and B be two small pretriangulated DG categories and let T be a DG
B-A –bimodule. The gluing A i
T
B of DG categories A and B via T is defined as the pretri-
angulated hull of A v
T
B, i.e. A i
T
B “ pA v
T
Bqpre-tr.
The natural fully faithful DG inclusions a : A ãÑ A v
T
B and b : B ãÑ A v
T
B induce the fully
faithful extension DG functors a˚ : A ãÑ A i
T
B and b˚ : B ãÑ A i
T
B. These quasi-functors
induce exact functors
a˚ : H0pA q ÝÑ H0pA i
T
Bq, b˚ : H0pBq ÝÑ H0pA i
T
Bq
between triangulated categories which are fully faithful. The following proposition is almost obvious.
Proposition 3.3. [O6, Prop. 3.7] Let the DG category E be a gluing A i
T
B. Then the DG
functors a˚ : A Ñ E and b˚ : B Ñ E induce a semi-orthogonal decomposition for the triangulated
category H0pE q of the form H0pE q “ xH0pA q,H0pBqy.
Furthermore, we can show that any enhancement of a triangulated category with a semi-orthogonal
decomposition can be obtained as a gluing of enhancements of the summands.
Proposition 3.4. [O6, Prop 3.8] Let E be a pretriangulated DG category. Suppose we have a
semi-orthogonal decomposition H0pE q “ xA,By. Then the DG category E is quasi-equivalent to a
gluing A i
T
B, where A ,B Ă E are full DG subcategories with the same objects as A and B,
respectively, and the DG B-A –bimodule is given by the rule
(5) TpY,Xq “ HomE pX,Yq, with X P A and Y P B.
Actually, we can show much more. The following proposition is not very difficult to prove.
Proposition 3.5. [O6, Prop 3.11] Let a : A Ñ A 1 and b : B Ñ B1 be quasi-functors between
small DG categories. Let T and T1 be DG modules over B˝ b A and B1˝ bA 1, respectively.
Suppose there is a map φ : TÑ Rpbb aq˚T
1 in DpB˝ bA q. Then there are quasi-functors
av
φ
b : A v
T
B ÝÑ A 1v
T1
B
1 and ai
φ
b : A i
T
B ÝÑ A 1 i
T1
B
1.
Moreover, assume that φ is a quasi-isomorphism and the homotopy functors a : H0pA q Ñ H0pA 1q
and b : H0pBq Ñ H0pB1q are fully faithful. Then the induced functors
av
φ
b : H0pA v
T
Bq ÝÑ H0pA 1v
T1
B
1q and ai
φ
b : H0pA i
T
Bq ÝÑ H0pA 1 i
T1
B
1q
are fully faithful too. If a, b are quasi-equivalences, then both av
φ
b and ai
φ
b are quasi-equivalences.
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It is easy to see that the restriction functor b˚ : Mod–pA v
T
Bq Ñ Mod–B sends semi-free
DG modules to semi-free DG modules as well as finitely generated semi-free DG modules to finitely
generated ones. Thus, we obtain a DG functor SFfg–pA v
T
Bq Ñ SFfg–B. By assumption B is
pretriangulated, and we know that a pretriangulated hull is quasi-equivalent to the DG category of
finitely generated semi-free DG modules. Thus, we obtain a quasi-functor b˚ : A i
T
B Ñ B that is
right adjoint to b˚.
3.2. Gluing of derived noncommutative schemes. Using the construction above we can define
gluing of derived noncommutative schemes. Let X “ Perf –R and Y “ Perf –S be two derived
noncommutative schemes and let T be a DG Y -X –bimodule. By the construction above we can
define a DG category
Z :“ X i
T
Y :“ Perf –R i
T
Perf –S
which will be called the gluing of X and Y via (or with respect to) T. Since by Proposition 1.12
and Remark 1.13 there is a quasi-equivalence between semi-free DG Y -X –bimodules and semi-free
DG S -R –bimodules, the DG category Z is quasi-equivalent to Perf – pRv
T
S q. (We use the
same letter T for a DG Y -X –bimodule and for its restriction as the DG S -R –bimodule.) The
DG category Z is a derived noncommutative scheme according to our definition if and only if the
DG algebra Rv
T
S is cohomologically bounded, i.e. the DG bimodule T belongs to the bounded
derived category DbpS ˝ bRq of S -R –bimodules. When T – 0, the gluing will be denoted by
X ‘Y , and it is the biproduct of X and Y in the “world” of derived noncommutative schemes.
The natural inclusions Perf –R ãÑ Perf – pRv
T
S q and Perf –S ãÑ Perf – pRv
T
S q define
morphisms pX : Z Ñ X and pY : Z Ñ Y that will be called projections. Both pX and pY
are ff-morphisms of noncommutative schemes and, moreover, the projection pY is a pp-morphisms,
because the direct image functor RpY ˚ sends perfect objects to perfect ones. This also implies that
we have a right adjoint morphism rY : Y Ñ Z which is called a right section and for which there
is an isomorphism Lr˚
Y
– RpY ˚. The composition pY ¨rY is isomorphic to the identity idY . By
symmetry, the natural inclusion Perf –R ãÑ Perf – pRv
T
S q has a left adjoint functor. It defines a
morphism lX : X Ñ Z which is called a left section and the composition pX ¨lX is isomorphic to
the identity idX , while the compositions pX ¨rY and pY ¨lX are equal to 0 –morphisms. Thus,
the gluing Z “ X i
T
Y coming with the set of morphisms plX , pX ; pY , rY q which form a diagram
of morphisms of derived noncommutative schemes
X
lX
// Z
pX
oo
pY
// Y ,
rY
oo
(6)
with the following properties:
(a) lX is a left adjoint section for the projection pX ,
(b) rY is a right adjoint section for the projection rY ,
(c) pX ¨lX – idX and pY ¨rY – idY ,
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(d) pX ¨rY “ 0 and, hence, by adjointness pY ¨lX “ 0. Moreover, the kernel of the functor
Lr˚
Y
is essentially the image of the functor Lp˚
X
.
In particular, we have a semi-orthogonal decomposition xPerf –R,Perf –S y for the triangulated
category of perfect objects of the noncommutative scheme Z , and by Proposition 3.4 it characterizes
the noncommutative scheme Z as a gluing of X and Y .
Consider two morphisms of derived noncommutative schemes f : X 1 Ñ X and g : Y 1 Ñ Y .
They induce a morphism pg˝ b fq : Y
1˝ b X 1 Ñ Y ˝ b X . Let T be a DG Y -X –bimodule
and T1 be a DG Y 1-X 1 –bimodule. Consider the respective gluings X i
T
Y and X 1 i
T1
Y 1. By
Proposition 3.5, to any map φ : T Ñ Rpg˝ b fq˚T
1 in the derived category DpS ˝ b Rq we can
attach a morphism between the gluings pf i
φ
gq : X 1 i
T1
Y 1 Ñ X i
T
Y . When X 1 – X and
Y 1 – Y , for any map φ : T Ñ T1 in DpS ˝ bRq there exists a morphism X i
T1
Y Ñ X i
T
Y
that is pidi
φ
idq. As a special case we obtain morphisms X ‘Y Ñ X i
T
Y and X i
T
Y Ñ X ‘Y
the composition of which is the identity morphism of X ‘ Y .
A particular case of gluing of two noncommutative schemes is related to a morphism f : X Ñ Y .
Any such morphism is a quasi-functor F : Perf –S Ñ Perf –R that is represented by a DG Y -X –
bimodule T. The gluing X i
T
Y with respect to this DG bimodule T will be also denoted by
X i
f
Y . Let f 1 : X Ñ Y be another morphism of the noncommutative schemes that is represented
by a DG Y -X –bimodule T1. A map φ : f Ñ f 1 in the triangulated category Mor pX ,Y q is a
map between DG bimodules φ : T Ñ T1 in the derived category DpS ˝ bRq. As above with any
such map φ : f Ñ f 1 we can associate a morphism X i
f 1
Y Ñ X i
f
Y of the gluings.
Let us describe morphisms between a noncommutative scheme V and a gluing X i
f
Y of two
other noncommutative schemes (see, e.g., [KL, 7.2] for details).
Proposition 3.6. Let f : X Ñ Y be a morphism of derived noncommutative schemes and Z “
X i
f
Y be the gluing. For any noncommutative scheme V a morphism v : Z Ñ V is a triple
pg, h;φq, where g : X Ñ V and h : Y Ñ V are morphisms of noncommutative schemes and
φ : h¨f Ñ g is a map between morphisms in the category Mor pX ,V q.
Similarly, a morphism v1 : V 1 Ñ Z is a triple pg1, h1;ψq, where g1 : V Ñ X and h1 : V Ñ Y
are morphisms of noncommutative schemes and ψ : f¨g1 Ñ h1 is a map between morphisms in the
category Mor pV 1,X q.
A composition v¨v1 : V 1 Ñ V of any two morphisms v1 : V 1 Ñ Z and v : Z Ñ V is a
morphism that can be obtained as a cone of the map h¨f¨g1
rφ` rψ
ÝÑ g¨g1 ‘ h¨h1 in the triangulated
category Mor pV 1,V q, where rφ : h¨f¨g1 Ñ g¨g1 and rψ : h¨f¨g1 Ñ h¨h1 are maps induced by
φ : h¨f Ñ g and ψ : f¨g1 Ñ h1, respectively.
Under the description above the projections pX and pY are equal to pidX , 0; 0q and pf, idY ; idq,
respectively, while the sections lX and rY coincide with the morphisms pidX , 0; 0q and p0, idY ; 0q,
respectively. Furthermore, in this situation there is a right adjoint morphism rX : X Ñ Z for
which Lr˚
X
– RpX ˚. It is given by the triple pidX , f; idq. There is also another projection pY
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which is determined by the triple p0, idY ; 0q. For this morphism we have isomorphisms of the funtors
Lp˚
Y
– RrY ˚ – p
!
Y
. Finally, we obtain the following recollement for derived noncommutative schemes
(see [BBD]):
X
rX
//
lX
//
ZpXoo
pY
//
pY
//
Y ,rYoo(7)
with the following properties:
(a) lX and rX are left and right adjoint sections for the projection pX ,
(b) pY and pY are left and right adjoint projections for the section rY ,
(c) pX ¨lX – idX – pX ¨rX and pY ¨rY – idY – pY ¨rY ,
(d) pX ¨rY “ 0 and, hence, by adjointness pY ¨lX “ 0 “ pY ¨rX . Moreover, the kernel of the
functor Lr˚
Y
is essentially the image of the functor Lp˚
X
.
In addition, we have an isomorphism pY ¨rX – f, while pY ¨lX – fr1s.
Let us consider the direct image functor Rf˚ : DpRq Ñ DpS q. It is isomorphic to RHomRpT,´q,
where T is the corresponding quasi-functor. Since T is perfect as DG R –module, this functor
commutes with direct sums. Therefore, there is a DG R-S –bimodule U such that the functor Rf˚
is represented as p´q
L
bR U. In fact, the DG R-S –bimodule U is isomorphic to HomRpT,Rq.
We can consider another gluing Z 1 “ Y i
U
X . However, the gluing Z 1 “ Y i
U
X is quasi-
equivalebt to Z “ X i
T
Y and determines the same noncommutative scheme, which will be also
denoted as Y
f
iX . In fact, to obtain the decomposition Y i
U
X for our noncommutative scheme
Z we have to consider the diagram (6) with the set of morphisms prY , pY ; pX , rX q instead of the
set plX , pX ; pY , rY q for Z “ X i
T
Y . Thus, the noncommutative schemes X i
f
Y and Y
f
iX
are isomorphic despite the constructions and the decompositions being different.
Note that if the morphism f : X Ñ Y is a pp-morphism and g : Y Ñ X is the right adjoint
morphism, then, by construction, we have Y
f
iX – Y i
U
X – Y i
g
X .
The following example is coming from usual commutative geometry.
Example 3.7. Let i : Z ãÑ Y be a closed immersion of a smooth proper scheme Z into the smooth
proper scheme Y such that Z is of codimension 2. Denote by rY the blowup of Y along the
closed subscheme Z. A blow up formula from [O1] gives a semi-orthogonal decomposition of the
category Perf –rY in the form xPerf –Y,Perf –Zy. Moreover, by Proposition 3.4 the DG category
Perf – rY is quasi-equivalent to the gluing pPerf – Y q i
U
pPerf –Zq, where U is a DG bimodule of
the form
UpP,Qq – HomPerf –Xpi
˚Q, Pq, with P P Perf –Z, Q P Perf – Y,
and i˚ is the inverse image quasi-functor from Perf – Y to Perf –Z. The gluing pPerf – Y q i
U
pPerf –Zq is actually the gluing pPerf – Y q i
i
pPerf –Zq along the morphism i : Z ãÑ Y.
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3.3. Properties of gluings. Let us now discuss some properties of derived noncommutative schemes
that are obtained by gluing. First of all, it is easy to see when a gluing X i
T
Y is proper and regular
(see [O6, Prop. 3.20, 3.22]).
Proposition 3.8. Let X “ Perf –R and Y “ Perf –S be two derived noncommutative schemes
over k and let T be a DG Y -X –bimodule. Then the following conditions are equivalent:
(1) the gluing X i
T
Y is proper,
(2) X ,Y are proper, and dimk
À
iH
ipTpQ,Pqq ă 8 for all P P Perf –R,Q P Perf –S .
Note that it is sufficient to check the property of T mentioned above in the case P “ R and
Q “ S , i.e. dimk
À
iH
ipTq ă 8 for T as DG S -R –bimodule.
Proposition 3.9. Let X “ Perf –R and Y “ Perf –S be two derived noncommutative schemes
over k and let T be a DG Y -X –bimodule. Then the following conditions are equivalent:
(1) the gluing X i
T
Y is regular,
(2) X and Y are regular.
Here we see that the property of being regular does not depend on the DG bimodule T.
On the other hand the property of being smooth depends on the DG bimodule T. Since Rv
T
S
and X i
T
Y are Morita equivalent, smoothness of Rv
T
S and X i
T
Y holds simultaneously.
Further, we can compare smoothness of a gluing with smoothness of the summands. We obtain the
following.
Proposition 3.10. [LS1, 3.24] Let X “ Perf –R and Y “ Perf –S be two derived noncom-
mutative schemes over k and let T be a DG Y -X –bimodule. Then the following conditions are
equivalent:
(1) the gluing X i
T
Y is smooth,
(2) X and Y are smooth and T is a perfect as DG Y -X –bimodule.
Let us consider the point pt “ Perf – k and a noncommutative scheme X that is the gluing
pt i
V
pt, where V is a k –vector space. If the vector space V is infinite dimensional, then the
noncommutative scheme X is not smooth in spite of it being regular. Of course, in this case X
is also not proper.
3.4. Geometric realizations of gluings. Let X and Y be two usual smooth irreducible projec-
tive schemes over a field k. Let E P Perf –pX ˆk Y q be a perfect complex on the product X ˆk Y.
Note that in the case of projective varieties any perfect complex is globally (not only locally) quasi-
isomorphic to a strictly perfect complex, i.e. a bounded complex of locally free sheaves of finite type
(see, e.g. [TT, 2.3.1]).
Let us consider the DG category that is obtained as the gluing pPerf –Xq i
E
pPerf – Y q. It is a
derived noncommutative scheme which will be denoted by Z :“ Xi
E
Y. Taking into account Theorem
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2.15 and Propositions 3.8, 3.10, we can deduce that the noncommutative scheme Z is smooth and
proper. The derived noncommutative scheme Z is not commutative in general. However, it is
natural to ask about existence of a geometric realization for such derived noncommutative schemes.
The following theorem is proved in [O6].
Theorem 3.11. [O6, Th. 4.11] Let X and Y be smooth irreducible projective schemes over
a field k and let E be a perfect complex on the product X ˆk Y. Let Z “ X i
E
Y be the
derived noncommutative scheme that is the gluing of X and Y via E. Then there exist a smooth
projective scheme V and an ff-morphism f : V Ñ Z , which give a pure geometric realization for
the noncommutative scheme Z .
A proof of this theorem can be found in [O6]. It is constructive and it is useful to take in account
that the category Perf –V from Theorem 3.11 has a semi-orthogonal decomposition of the form
Perf –V “ xN1, . . .Nky such that each Ni is equivalent to one of the four categories: namely,
Perf –k, Perf –X, Perf –Y, and Perf –pX ˆk Y q.
Now we can extend this result to the case of derived noncommutative schemes. Let Xi, i “ 1, . . . , n
be smooth and projective schemes and let Ni Ă Perf –Xi, i “ 1, . . . , n be full pretriangulated DG
subcategories. Assume that the homotopy triangulated categories Ni “ H
0pNiq are admissible in
Perf –Xi. By Propositions 3.8 and 3.10 these conditions imply that the derived noncommutative
schemes Ni are proper and smooth. Moreover, they are coming with pure geometric realizations.
Theorem 3.12. [O6, Th. 4.15] Let the DG categories Ni, i “ 1, . . . , n and the smooth projective
schemes Xi, i “ 1, . . . , n be as above. Let X “ Perf –R be a proper derived noncommutative
scheme with full embeddings of the DG categories Ni Ă Perf –R such that Perf –R has a semi-
orthogonal decomposition of the form xN1,N2, . . . ,Nny, where Ni “ H
0pNiq. Then there exist
a smooth projective scheme X and an ff-morphism f : X Ñ X which give a pure geometric
realization for the noncommutative scheme X .
Note that in this case the derived noncommutative scheme X is also smooth. Indeed, it is a
gluing of smooth proper noncommutative schemes Ni with respect to DG bimodules that are DG
functors from NjbN
˝
i to Perf – k. By Proposition 2.12 all such DG bimodules are perfect because
Ni are smooth and proper. Theorem 3.12 implies that the world of all smooth proper geometric
noncommutative schemes is closed under gluing via perfect bimodules.
These theorems have useful applications. Using results of [KL] we obtain that for any usual proper
scheme Y over a field of characteristic 0 there is a full embedding of Perf –Y into Perf –V, where
V is smooth and projective.
Corollary 3.13. [O6, Cor 4.16] Let Y be a proper scheme over a field of characteristic 0. Then
there are a smooth projective scheme X and a quasi-functor F : Perf – Y Ñ Perf –X such that the
induced functor F : Perf –Y Ñ Perf –X is fully faithful, i.e. Y has a plain geometric realization
that is a smooth desingularization f : X Ñ Y.
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When a proper derived noncommutative scheme X “ Perf –R has a full exceptional collection,
there is another and more useful procedure of constructing a smooth projective geometric realization.
Any such derived noncommutative scheme X is smooth and could be obtained by a procedure
of sequential gluing of copies the point pt. In this case one can find a usual smooth projective
scheme X and an exceptional collection of line bundles σ “ pL1, . . . ,Lnq on X such that the
DG subcategory N Ă Perf –X generated by σ is quasi-equivalent to Perf –R. Moreover, by
construction, the scheme X is rational and has a full exceptional collection.
Theorem 3.14. [O6, Th. 5.8] Let X “ Perf –R be a proper derived noncommutative scheme
over k such that the homotopy category Perf –R has a full exceptional collection Perf –R “
xE1, . . . , Eny. Then there are a smooth projective scheme X and an exceptional collection of line
bundles σ “ pL1, . . . ,Lnq on X such that the DG subcategory of Perf –X generated by σ is
quasi-equivalent to Perf –R. Moreover, X can be chosen in such way that it is a tower of projective
bundles and has a full exceptional collection.
The scheme X has a full exceptional collection as a tower of projective bundles (see [O1]). Fur-
thermore, it follows from the construction that a full exceptional collection on X can be chosen in
such a way that it contains the collection σ “ pL1, . . . ,Lnq as a subcollection.
In the proof of this theorem one constructed a quasi-functor from the DG category Perf –R
to the DG category Perf –X that sends the exceptional objects Ei to shifts of the line bundles
Lirris for some integers ri. In other words, we have an ff-morphism f : X Ñ X that gives a pure
geometric realization for the noncommutative scheme X and Lf˚Ei – Lirris. Of course, we can
not expect in general that Ei go to line bundles without shifts. On the other hand, in the case
of strong exceptional collections it is natural to seek geometric realizations as collections of vector
bundles (without shifts) on smooth projective varieties. It can be shown that in general we can not
realize a strong exceptional collection as a collection of unshifted line bundles, but trying to present
it in terms of vector bundles seems quite reasonable.
Theorem 3.15. [O7, Cor. 2.7] Let X “ Perf –R be a proper derived noncommutative scheme
such that the category Perf –R has a full strong exceptional collection Perf –R “ xE1, . . . , Eny.
Then there exist a smooth projective scheme X and an ff-morphism f : X Ñ X such that the
functor Lf˚ sends the exceptional objects Ei to vector bundles Ei on X.
A special class of derived noncommutative schemes is related to finite dimensional algebras. Let
Λ be a finite dimensional algebra over a base field k. Consider the derived noncommutative scheme
V “ Perf – Λ. This noncommutative scheme is proper for any such Λ. It is regular if and only if
the algebra Λ has finite global dimension. Denote by r the (Jacobson) radical of Λ. We know
that rn “ 0 for some n. Let S be the quotient algebra Λ{r. It is semisimple and has only a
finite number of simple non-isomorphic modules.
Recall that a semisimple algebra S over a field k is called separable over k if it is projective
as an S-S –bimodule. It is well-known that a semisimple algebra S is separable if it is a direct
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sum of simple algebras whose centers are separable extensions of the field k. It also means that the
noncommutative scheme Perf – S is smooth. Moreover, the noncommutative scheme V “ Perf – Λ
is smooth over k if Λ has finite global dimension and S “ Λ{r is separable (see, e.g. [Ro]).
Theorem 3.16. [O6, Th. 5.3] Let Λ be a finite dimensional algebra over k. Assume that the
semisimple algebra S “ Λ{r is k –separable. Then there are a smooth projective scheme X and a
perfect complex E P Perf –X such that EndpEq – Λ and HompE,Erlsq “ 0 for all l ‰ 0.
Corollary 3.17. [O6, Th. 5.4] Let V “ Perf – Λ be a derived noncommutative scheme, where Λ
is a finite dimensional algebra over k for which Λ{r is k –separable. Then there are a smooth
projective scheme X and an ff-morphism f : X Ñ V which give a plain geometric realization for
V . Moreover, if Λ has finite global dimension, then this realization is pure.
Note that over a perfect field all semisimple algebras are separable. Thus, if k is perfect, then
these results can be applied to any finite-dimensional k –algebra.
Consider a smooth and proper noncommutative scheme X “ Perf –R such that the category
Perf –R has a full strong exceptional collection σ “ xE1, . . . , Eny. The object E “
nÀ
i“1
Ei is
a generator of Perf –R, and the DG category Perf –R is quasi-equivalent to the DG category
Perf – Λ, where Λ “ Endp
nÀ
i“1
Eiq is the algebra of endomorphisms of the collection σ. It is evident
that the algebra Λ is a quiver algebra on n directed vertices. Recall that Λ is called a quiver
algebra on n directed vertices, if Λ – kQ{I, where Q is a quiver for which Q0 “ t1, . . . , nu is
the ordered set of n elements and for any arrow a P Q1 the source spaq P Q0 is less than target
tpaq P Q0, while I is a two-sided ideal of the path algebra kQ generated by a subspace of kQ
spanned by linear combinations of paths of length at least 2 having a common source and a common
target (see, e.g., [O7]).
On the other hand, any quiver algebra Λ on n directed vertices has finite global dimension
and, moreover, the category Perf –Λ has a strong full exceptional collection consisting of the in-
decomposable projective modules Pi for i “ 1, . . . , n. The algebra Λ is exactly the algebra of
endomorphisms of this full strong exceptional collection. Thus, Theorem 3.15 implies that for any
quiver algebra Λ on n directed vertices there exist a smooth projective scheme X and a vector
bundle E on X such that EndXpEq “ Λ and Ext
p
XpE , Eq “ 0 for all p ‰ 0. Moreover, they can
be chosen so that the rank of E is equal to the dimension of Λ (see [O7, Cor. 2.8]).
3.5. Quasi-phantoms and phantoms. Let T be a triangulated category and let T “
xN1, . . . ,Nny be a semi-orthogonal decomposition. Any such decomposition induces the following
decomposition for the Grothendieck group
K0pT q – K0pN1q ‘K0pN2q ‘ ¨ ¨ ¨ ‘K0pNnq.
In the particular case of a full exceptional collection we obtain an isomorphism of the Grothendieck
group K0pT q with a free abelian group Z
n.
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For any small DG category A we can define K-theory spectrum KpA q by applyingWaldhausen’s
construction to a certain category with cofibrations and weak equivalences that can be obtained from
the DG category Perf –A (see [DS, Sch, K2, T2]). More precisely, the objects of this category are
perfect DG modules, the cofibrations are the morphisms of DG A –modules of degree zero that admit
retractions as morphisms of graded modules, and the weak equivalences are the quasi-isomorphisms.
This construction is invariant under quasi-equivalences between Perf –A and Perf –B. Thus, to
any derived noncommutative scheme X “ Perf –R we can attach a K-theory spectrum KpX q :“
KpRq “ KpPerf –Rq. K-theory gives us an additive invariant for derived noncommutative schemes
in the sense that for any gluing Z “ X i
T
Y there is an isomorphism KpZ q – KpX q ‘KpY q.
Other natural additive invariants are given by Hochschild and cyclic homology. Hochschild homol-
ogy HH˚pX q can be defined as
HH˚pX q – H
´˚pR
L
b
R˝bR
Rq,
and for any gluing Z “ X i
T
Y there is an isomorphism HH˚pZ q – HH˚pX q ‘HH˚pY q. Recall
that for a smooth projective scheme X over a field of characteristic 0 there is an isomorphism
HHipXq “
À
pH
p`ipX,ΩpX q, which allows to describe the Hochschild homology in terms of usual
cohomology of the scheme X (see [Sw]).
Definition 3.18. A smooth and proper derived noncommutative scheme X will be called a quasi-
phantom if HH˚pX q “ 0 and K0pX q is a finite abelian group. It will be called a phantom if, in
addition, K0pX q “ 0.
This definition is a result of the successive study and appearance of such objects, but a more natural
and more important definition is the following definition of a universal phantom.
Definition 3.19. We say that a phantom X is a universal phantom if X bk Y is also phantom
for any smooth and proper noncommutative scheme Y .
It can be shown that it is sufficient to verify this property for Y “ X . Moreover, it is also known
that any universal phantom X has a trivial K-motive and, hence, its K-theory KpX q vanishes
as well (see [GO]).
Different examples of geometric quasi-phantoms were constructed as semi-orthogonal complements
to exceptional collections of maximal length on some smooth projective surfaces of general type with
q “ pg “ 0 for which Bloch’s conjecture holds, i.e. the Chow group CH
2pSq – Z. In more detail, let
S be such a surface. In this case the Grothendieck group K0pSq is isomorphic to Z‘PicpSq‘Z –
Z
r`2 ‘ PicpSqtors , where r is the rank of the Picard lattice PicpSq{PicpSqtors . Since the Picard
group PicpSq of this surface is isomorphic to H2pSpCq,Zq, we obtain that PicpSqtors is finite
and there are the following relations r ` 2 “ b2 ` 2 “ e, where b2 is the second Betti number
and e is the topological Euler characteristic of S. Assume that the triangulated category Perf –S
has an exceptional collection pE1, . . . , Eeq of the maximal possible length e. In this case there is a
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semi-orthogonal decomposition of the form
Perf –S “ xE1, . . . , Ee,N y,
where N is the left orthogonal to the subcategory T “ xE1, . . . , Eey generated by the exceptional
collection. We have K0pT q – Z
e and, hence, K0pN q – PicpSqtors .
Consider now the DG category Perf – S and its DG subcategory N Ă Perf – S that has
the same objects as N Ă Perf –S. The DG category N is a derived noncommutative scheme,
which is smooth and proper because the subcategory N is admissible. We already mentioned that
K0pN q – PicpSqtors . Moreover, it is evident that the Hochschild homology HH˚pN q is trivial.
Thus, the noncommutative scheme N is a quasi-phantom coming with a pure geometric realization
N Ă Perf – S.
At this moment there are a lot of different examples of quasi-phantoms constructed as described
above. First example was constructed in [BGS] for the classical Godeaux surface S that is the
Z{5Z -quotient of the Fermat quintic in P3 . In this case e “ 11, and the Grothendieck group
K0pN q is isomorphic to the cyclic group Z{5Z.
The next examples were Burniat surfaces with e “ 6, exceptional collections of maximal length
for which were constructed in [AO]. In this case we have a 4-dimensional family of such surfaces and
we obtain a 4 dimensional family of quasi-phantoms N with K0pN q “ pZ{2Zq
6. (It was proved
in the paper [Ku] that the second Hochschild cohomology of the quasi-phantoms N coincides with
the second Hochschild cohomology of the related Burniat surfaces S. )
Suppose we have two different quasi-phantoms N and N 1. It is natural to consider their tensor
product N bk N
1. If the orders of the Grothendieck groups K0pN q and K0pN
1q are coprime,
we can hope that the Grothendieck group of N bk N
1 will be trivial. In the case of surfaces it can
be proved.
Theorem 3.20. [GO] Let S and S1 be smooth projective surfaces over C with q “ pg “ 0 for
which Bloch’s conjecture for 0-cycles holds. Assume that the categories Perf –S and Perf –S1 have
exceptional collections of maximal lengths epSq and epS1q, respectively. Let N Ă Perf – S and
N 1 Ă Perf – S1 be the left orthogonals to these exceptional collections. If the orders of PicpSqtors
and PicpS1qtors are coprime, then the noncommutative scheme N bk N
1 Ă Perf –pS ˆk S
1q is a
universal phantom.
This theorem also tells us that the noncommutative scheme N bk N
1 has a trivial K-motive, i.e.
it is in the kernel of the natural map from the world of smooth and proper derived noncommutative
schemes to the world of K-motives (they are called noncommutative motives now) and, in particular,
it has trivial K-theory, i.e. KipN bN
1q “ 0 for all i (see [GO]). It is known that K-theory is a
universal additive invariant [T1, T2] and, hence, all additive invariants of universal phantoms vanish.
Corollary 3.21. [GO] Let S be a Burniat surface with e “ 6 and let S1 be the classical Godeaux
surface over C. Let N Ă Perf – S and N 1 Ă Perf – S1 be quasi-phantoms that are the left
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orthogonals to exceptional collections of maximal lengths. Then the derived noncommutative scheme
N bk N
1 Ă Perf –pS ˆk S
1q is a universal phantom, and KipN bk N
1q “ 0 for all i P Z.
Another type of a geometric phantom was constructed in [BGKS] as a semi-orthogonal complement
to an exceptional collection of maximal length on the determinantal Barlow surface. Since the Barlow
surface is simply connected, it does not have torsion in Picard group. In this case any quasi-phantom
constructed as it was described above is actually a phantom because the Grothendieck group is trivial.
The results of the paper [GO] applied to a phantom coming from a Barlow surface give us that this
phantom is universal.
3.6. Krull–Schmidt partners. Let X “ Perf –R and Y “ Perf –S be two derived noncom-
mutative schemes and let f : X Ñ Y be a morphism that is represented by a DG Y -X –bimodule
T as a quasi-functor F : Perf –S Ñ Perf –R. Consider the gluing Z “ X i
f
Y , which is by
definition the gluing X i
T
Y “ Perf –pRv
T
S q of X and Y via T.
Any morphism c : X Ñ V induces a morphism c : Z Ñ V that is the composition of c
and the natural projection pX : Z Ñ X . By Proposition 3.6, the morphism c is given by the
triple pc, 0; 0q. If the morphism c is represented by a DG V -X –bimodule P, then the morphism
c is related to a DG V -Z –bimodule P “ pP, 0q, which coincides with P on the subcategory
Perf –R Ă Perf –pRv
T
S q and is equal to 0 on the subcategory Perf –S Ă Perf –pRv
T
S q.
Let g : X Ñ Y be another morphism that is represented by a DG Y -X –bimodule U. Suppose
there is a map φ : f Ñ g between the morphisms. By Proposition 3.6, the map φ : f Ñ g induces
a morphism rgφ : Z Ñ Y that is given by the triple pg, idY ;φq. The morphism rgφ is represented
by a DG Y -Z –bimodule rUφ :“ pU,S q that coincides with U on the subcategory Perf –R Ă
Perf –pRv
T
S q, and rUφp´, ‚q “ HomY p‚,´q on the subcategory Perf –S Ă Perf –pRv
T
S q. The
map φ : T Ñ U allows to define a natural structure of a Z –module on rUφ “ pU,S q. There is
an isomorphism rfid – pY . Moreover, it is easy to see that, by Proposition 3.6, the composition ofrgφ : Z Ñ Y with the right section rX : X Ñ Z is exactly the morphism g : X Ñ Y .
Let us denote by c the cone of the map φ : f Ñ g. The map φ induces a map rφ : pY Ñ rgφ.
The cone of this map is isomorphic to the morphism c “ cpX . Thus, we have two exact triangles of
morphisms
pTr1q cr´1s ÝÑ f
φ
ÝÑ g ÝÑ c and pTr2q cr´1s ÝÑ pY
rφ
ÝÑ rgφ ÝÑ c
in the triangulated categories Mor pX ,Y q and MorpZ ,Y q. Moreover, the triangle pTr1q can
be obtained from Tr2 by applying the section rX , i.e. we have pTr1q “ pTr2q¨rX .
Let us describe a case when the constructed morphism rgφ : Z Ñ Y is an ff-morphism, i.e. it
induces a fully faithful embedding Lrg˚φ : Perf –S Ñ Perf –pRv
T
S q. By construction, the projectionrfid – pY is such a morphism.
Theorem 3.22. Let X “ Perf –R and Y “ Perf –S be noncommutative schemes and let
φ : f Ñ g be a map between morphisms from X to Y . Let c “ Conepφq be the cone of φ. Let
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the morphisms g, c are represented by a DG Y -X –bimodules U and P, respectively. Then the
following properties are equivalent:
(1) rgφ : Z “ X i
f
Y Ñ Y is an ff-morphism, i.e. Lrg˚φ is fully faithful;
(2) HomZ pLc
˚S , Lrg˚φS rmsq – HomZ pP, rUφrmsq “ 0 for all m P Z;
(3) HomX pLc
˚S , Lg˚S rmsq – HomX pP, Urmsq “ 0 for all m P Z.
Proof. The triangle pTr2q of morphisms from Z to Y induces an exact triangle
Lc˚S r´1s ÝÑ Lp˚Y S
rφSÝÑ Lrg˚φS ÝÑ Lc˚S(8)
in the triangulated category Perf –pRv
T
S q. Since rgφ¨rX “ g and c “ c¨pX and taking into
account that Lr˚
X
– RpX ˚, we obtain the following sequence of isomorphisms
HomZ pLc
˚
S , Lrg˚φS rmsq – HomZ pLp˚X Lc˚S , Lrg˚φS rmsq –
– HomX pLc
˚
S , RpX ˚Lrg˚φS rmsq – HomX pLc˚S , Lg˚S rmsq.
Thus, condition (2) is equivalent to condition (3).
Consider now the map rφ : pY Ñ rgφ between morphism from Z to Y . It induces a natural
transformation L˚pY Ñ L
˚rgφ beteen inverse image functors. In particular, for any pair of objects
M,N P Perf –S and a morphism u : MÑ N there is a commutative diagram
L˚pY pMq
L˚pY puq
ÝÝÝÝÝÝÑ L˚pY pNq
rφM§§đ §§đrφN
L˚rgφpMq L˚rgφpuqÝÝÝÝÝÑ L˚rgφpNq
Putting M “ S and N “ S rms we obtain the following commutative diagram
HomY pS , S rmsq
Lrg˚
φ
ÝÝÝÝÑ HomZ pLrg˚φS , Lrg˚φS rmsq
Lp˚
Y
§§đ≀ §§đh‚prφS q
HomZ pLp
˚
Y
S , Lp˚
Y
S rmsq
„
ÝÝÝÝÝÝÝÑ
h‚prφS rmsq HomZ pLp
˚
Y
S , Lrg˚φS rmsq
(9)
The left vertical arrow is an isomorphism because the functor Lp˚
Y
is fully faithful. The bottom hori-
zontal arrow is also an isomorphism for all m P Z. Indeed, let us apply the functor HomZ pLp
˚
Y
S ,´q
to the exact triangle (8). Taking into account semi-orthogonal decomposition for perfect complexes
on Z , we obtain HomZ pLp
˚
Y
S ,Lc˚S q “ 0 because Lc˚S – Lp˚
X
¨Lc˚S . This implies that
the bottom arrow is an isomorphism.
(1) ô (2). Now, the top horizontal arrow in diagram (9) is an isomorphism for all m P Z if and
only if the right vertical arrow is an isomorphism for all m P Z. But it is equivalent to the property
HomZ pLc
˚S ,Lrg˚φS rmsq “ 0 for all m P Z because the right vertical arrow h‚prφS q is a part of
the long exact sequence obtained by applying the functor HomZ p´,Lrg˚φS q to exact triangle (8).
Thus, if the functor Lrg˚φ is fully faithful, then the top horizontal arrow is an isomorphism and this
implies condition (2).
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Conversely, if property (2) holds for all m P Z, then the right vertical arrow in diagram (9) is an
isomorphism for all m P Z. Hence, the top horizontal arrow is an isomorphism for all m P Z. The
object S is a classical generator for the category Perf –S . Thus, by Proposition 1.12, the functor
Lrg˚φ is fully faithful and rgφ : Z “ X i
f
Y Ñ Y is an ff-morphism. 
Let X “ Perf –R and Y “ Perf –S be derived noncommutative schemes and let φ : f Ñ g
be a map between morphisms from X to Y . Suppose, as in Theorem 3.22, the morphismrgφ : Z “ X i
f
Y Ñ Y is an ff-morphism. Assume also that the morphism rgφ is a pp-morphism
and, hence, has a right section r1
Y
: Y Ñ Z . This implies that the embedding functor Lrg˚φ realizes
the category Perf –S as a right admissible subcategory in Perf –pRv
f
S q. Thus, we obtain another
semi-orthogonal decomposition of the form Perf –pRv
f
S q “ xPerf –S K, Perf –S y. The natural en-
hancement of the subcategory Perf –S K gives a derived noncommutative scheme X 1 “ Perf –R1.
By Proposition 3.4, the decomposition above says that the noncommutative scheme Z can be also
represented as a gluing X 1 i
T1
Y , where T1 is a DG Y -X 1 –bimodule. The morphism rgφ is a
new projection p1
Y
. The composition p1
Y
¨r1
Y
is the identity by adjointness, but the composition
p1
Y
¨rY is also isomorphic to the identity by construction. This implies that the adjoint composition
pY ¨r
1
Y
is isomorphic to the identity too.
In the case when X and Y are regular and proper, all projections have right and left adjoint
sections by Proposition 1.7. The noncommutative schemes Z and X 1 are also regular and proper
by Propositions 3.8, 3.9.
Definition 3.23. Let X “ Perf –R and X 1 “ Perf –R1 be two smooth and proper derived
noncommutative schemes. Suppose there are another smooth and proper noncommutative scheme
Y “ Perf –S , morphisms f : X Ñ Y , f 1 : X 1 Ñ Y , and isomorphisms v,w between the
gluings
Z “ X i
f
Y
v
//
Z 1 “ X 1 i
f 1
Y
w
oo
such that the morphisms p1
Y
¨v¨rY and pY ¨w¨r
1
Y
are isomorphisms of Y . In this case we call X
and X 1 Krull–Schmidt partners.
Since the composition p1
Y
¨v¨rY is an isomorphism, K-theories of X and X
1 are isomorphic.
Moreover, their K-motives are isomorphic too.
Let X be a smooth projective scheme and let R be a DG algebra such that Perf –X is
quasi-equivalent to Perf –R. Let Ps P Perf –X, s “ 1, 2 be two perfect complexes such that
their supports suppP1, suppP2 Ă X do not meet. Put T “ P1 ‘ P2 and consider the gluing
Z “ X i
T
pt. Let us take U “ P2 and P “ P1. Since condition (3) of Theorem 3.22 holds for
U “ P2 and P “ P1, the morphism Z Ñ pt, which is given by the object rU, is an ff-morphism.
Therefore, we obtain another semi-orthogonal decomposition xPerf –R1,Perf –ky for the category
Perf –pRv
T
kq. Thus, we get a Krull–Schmidt partner X 1 :“ Perf –R1 for the usual commutative
scheme X. In general this Krull–Schmidt partner is not isomorphic to X.
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For example, let X be a smooth projective curve of genus g, and let P1,P2 be torsion coherent
sheaves of lengths ls “ lengthPs, s “ 1, 2 such that suppP1 X suppP2 “ H. It can be easily
checked that the Krull–Schmidt partner X 1 is not isomorphic to X. Indeed, the integral bilinear
form χpE,F q “
ř
mp´1q
m dimHompE,F rmsq on K0pXq goes through Z
2 “ HevpX,Zq. In this
case the forms χ for X and for X 1 are respectively equal to
χX “
˜
1´ g 1
´1 0
¸
and χX 1 “ χt :“
˜
t 1
´1 0
¸
, where t “ 1´ g ´ l1l2.(10)
The integral bilinear forms χt are not equivalent for different t. Hence, the categories Perf –X and
Perf –R1 are not equivalent. Moreover, the categories Perf –R1 for different t are not equivalent
to each other. Thus, for any smooth projective curve X we obtain infinitely many different Krull–
Schmidt partners. For the same t we have many Krull-Schmidt partners that depend on the torsion
sheaves P1 and P2. It is reasonable to expect that these Krull-Schmidt partners have nontrivial
moduli spaces. The case of X “ P1 and two points Ps “ ps, s “ 1, 2 is discussed in [O7, 3.1].
4. Finite dimensional algebras, quasi-hereditary algebras, and gluing
4.1. Finite dimensional algebras. In this section we consider derived noncommutative schemes
which are related to finite dimensional algebras.
Let k be a field and let Γ be a finite dimensional k –algebra with Jacobson radical R. The
quotient algebra Γ “ Γ{R is semisimple. We will assume that the algebra Γ is basic. This
means that the algebra Γ is isomorphic to kˆ ¨ ¨ ¨ ˆ klooooomooooon
n
, where k is the base field. Denote by
te1, . . . , enu a complete sequence of primitive orthogonal idempotents of Γ, so that
řn
i“1 ei “ 1.
Let Πi “ eiΓ with 1 ď i ď n be the corresponding indecomposable projective right Γ –modules,
and let Σi “ eiΓ{eiR be the simple right Γ –modules. The quotient algebra Γ “ Γ{R is isomorphic
to
Àn
i“1Σi as Γ –module. Since Γ is basic, all Σi are one dimensional as k –vector spaces.
Denote by Mod–Γ the category of right Γ –modules. The full subcategory of finitely generated
right Γ –modules will be denoted by mod–Γ. Any algebra Γ can be considered as a DG algebra.
The derived category DpΓq of all DG modules over this DG algebra is nothing but the unbounded
derived category DpMod–Γq and the DG category SF–Γ of semi-free DG modules is an enhance-
ment of this triangulated category. The triangulated category Perf –Γ of perfect DG modules (from
now on, perfect complexes) consists of all bounded complexes of finitely generated projective modules.
The DG category Perf – Γ is a natural enhancement of Perf –Γ, and it defines a derived noncom-
mutative scheme W “ Perf – Γ (see Definition 2.1). Since the algebra Γ is finite dimensional, the
noncommutative scheme W is proper.
We can also consider the bounded derived category Dbpmod–Γq of finitely generated Γ –modules.
It contains the triangulated category Perf –Γ as a full triangulated subcategory. Moreover, the
subcategory of perfect complexes Perf –Γ Ď Dbpmod–Γq is equivalent to the whole bounded derived
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category Dbpmod–Γq if and only if the algebra Γ is of finite global dimension. In this case the
derived noncommutative scheme W “ Perf – Γ is regular (see [Ro]).
4.2. Quasi-hereditary algebras. Let N1, . . . , Nk be finitely generated right Γ –modules. We
denote by FiltpN1, . . . , Nkq the full subcategory of the abelian category mod–Γ consisting of all
modules M that admit a finite filtration 0 “ M0 Ď M1 Ď ¨ ¨ ¨ Ď Ms “ M such that each factor
Mp{Mp´1 is isomorphic to an object of the form Nj .
Most of our constructions will depend on a linear order of the sequence of idempotents. This
ordering will be denoted by e “ pe1, e2, . . . , enq. The idempotents ei`ei`1`¨ ¨ ¨`en for 1 ď i ď n
will be denoted by εi and we put εn`1 “ 0.
Definition 4.1. For each 1 ď i ď n define the standard module ∆i as the largest quotient of the
projective module Πi having no simple composition factors Σj with j ą i.
In other words, we have the following definition of the standard modules ∆i “ eiΓ{eiΓεi`1Γ and
this definition depends on the ordering e.
Let us denote by Θi the kernels of the natural epimorphisms Πi ։ ∆i, and by Ξi the kernels
of the natural surjections ∆i ։ Σi. Thus, for all 1 ď i ď n there are short exact sequences
0 ÝÑ Θi ÝÑ Πi ÝÑ ∆i ÝÑ 0(11)
0 ÝÑ Ξi ÝÑ ∆i ÝÑ Σi ÝÑ 0(12)
Definition 4.2. [CPS] The algebra Γ is called quasi-hereditary (with respect to the ordering e ) if
the following conditions hold:
1) the modules Ξi belong to FiltpΣ1, . . . ,Σi´1q for all 1 ď i ď n;
2) the modules Θi belong to Filtp∆i`1, . . . ,∆nq for all 1 ď i ď n.
Condition 1) of Definition 4.2 means that all the modules ∆i are Schurian, i.e. EndΓp∆iq are
division rings for all 1 ď i ď n. In our case, when Γ is a basic algebra, condition 1) implies that
EndΓp∆iq – k for all i. In particular, there is an isomorphism ∆1 – Σ1, while, by definition,
∆n – Πn. Property 2) also implies that for every 1 ď i ď n the projective module Πi belongs to
the subcategory Filtp∆i, . . . ,∆nq. The following proposition is well-known.
Proposition 4.3. Let Γ be a basic quasi-hereditary algebra. Then Γ has finite global dimension
and the sequence of the standard modules p∆1, . . . ,∆nq forms a full exceptional collection in the
triangulated category Perf –Γ.
Proof. A descending induction and short exact sequences (11) give us that all ∆i belong to Perf –Γ,
but an ascending induction and short exact sequences (12) show us that all simple modules Σi also
belong to Perf –Γ. This implies that Γ has finite global dimension and Perf –Γ – Dbpmod–Γq.
Since ∆i belongs to FiltpΣ1, . . . ,Σiq, we have HompΠj ,∆iq “ 0 when j ą i. Applying this
to ∆n “ Πn we obtain that Ext
kp∆n,∆iq “ 0 for all k ě 0 and i ă n. Now by descending
37
induction by j we can show that Extkp∆j ,∆iq “ 0 for all k ě 0 and i ă j. Indeed, we know that
ExtkpΠj ,∆iq “ 0 for all k ě 0 and i ă j. Moreover, by induction hypothesis Ext
kpΘj ,∆iq “ 0
for all k ě 0 and i ă j, because Θi belongs to Filtp∆i`1, . . . ,∆nq. Now the short exact sequence
(11) for ∆j implies vanishing of all Ext’s from ∆j to ∆i when j ą i.
Since Θi belongs to Filtp∆i`1, . . . ,∆nq, we have Ext
kpΘi,∆iq “ 0 for all k ě 0. Hence, for
any i we obtain Extkp∆i,∆iq – Ext
kpΠi,∆iq – Ext
kpΠi,Σiq. This implies that Ext
kp∆i,∆iq “ 0,
when k ą 0 and Endp∆iq – k. Thus, the sequence of the standard modules p∆1, . . . ,∆nq forms
a full exceptional collection in the triangulated category Perf –Γ – Dbpmod–Γq. 
The Proposition above implies that the derived noncommutative scheme W “ Perf – Γ is smooth
and proper and can be obtained as a gluing of n copies of the point pt. For any 1 ď i ď n
we denote by Ti Ď Perf –Γ the full admissible subcategory Ti “ x∆1, . . . ,∆iy that is generated
by the exceptional subcollection p∆1, . . . ,∆iq. Let Ui`1 “
KTi be the left orthogonal, then it is
generated by the exceptional subcollection p∆i`1, . . . ,∆nq, i.e. Ui`1 “ x∆i`1, . . . ,∆ny and it is
also admissible. The following Lemma is evident.
Lemma 4.4. For every 1 ď i ď n the subcategories Ti, Ui Ď Perf –Γ satisfy the following proper-
ties:
1) Ti contains the simple modules tΣ1, . . . ,Σiu and is generated by this set of objects;
2) Ui contains the projective modules tΠi, . . . ,Πnu and is generated by this set of objects.
Let Ti and Ui be full DG subcategories of the DG category of perfect complexes Perf – Γ with
the same objects as Ti and Ui, respectively, i.e. Ti and Ui are the induced DG enhancements
for Ti and Ui.
There are two recursive constructions of quasi-hereditary algebras described in the literature. We
will use the construction based on extensions of centralizers, described in [DR1]. Actually, when
we have an algebra Γ, we can consider a sequence of algebras Γk – εkΓεk, where 1 ď k ď n.
We obtain that Γn is isomorphic to the field k, while the algebra Γ1 is isomorphic to Γ. The
algebras Γk are the algebras of endomorphisms Γk – EndΓp
Àn
i“k Πiq.
Proposition 4.5. Let pΓ, eq be a basic quasi-hereditary algebra with indecomposable projective mod-
ules Π1, . . . ,Πn. Let Γk be the algebra of endomorphisms EndΓp
Àn
i“k Πiq. Then the following
properties hold.
1) For any 1 ď k ď n the algebra Γk is basic and quasi-hereditary.
2) For any 1 ď k ď n the DG category Perf – Γk is quasi-equivalent to the DG subcate-
gory Uk Ď Perf – Γ. Moreover, under this quasi-equivalence the indecomposable projective
Γk –modules go to indecomposable projective Γ –modules, and standard Γk –modules go to
standard Γ –modules.
3) For any 1 ď k ă n the DG category of perfect complexes Perf – Γk is quasi-equivalent to the
gluing pt i
Tk
Perf – Γk`1 via the left DG Γk`1 –module Tk “ HomPerf – Γp∆k,
Àn
i“k`1Πiq.
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Proof. By Lemma 4.4 the projective module
Àn
i“k Πi belongs to Uk and generates it. Moreover,
the DG algebra of endomorphisms of this object in the DG category Uk is quasi-isomorphic to the
algebra Γk. Hence, by Proposition 1.14, there is a quasi-equivalence between Uk and Perf – Γk.
This quasi-equivalence is actually given by the DG functor HomΓp
Àn
i“k Πi,´q. Under this DG
functor the projective modules Πj , j ě k go to the projective Γk –module HomΓp
Àn
i“k Πi,Πjq.
Note that the projective modules Πj , j ě k belong to Uk.
The simple modules Σj, j ě k go to the simple Γk –modules, while the simple modules Σj, j ă k
go to 0. However, the simple modules Σj, j ě k do not necessarily belong to Uk and, hence,
the simple Γk –modules do not go to the simple Γ –modules. Besides, the standard modules ∆j “
ejΓ{ejΓεj`1Γ also go to the standard Γk –modules, when j ě k, and go to 0, when j ă k.
Moreover, the standard modules ∆j, j ě k belong to Uk and, therefore, the standard Γk –modules
correspond to standard Γ –modules ∆j, j ě k. We also have that exact sequences (11) and (12) for
i ě k go to the same exact sequence in mod–Γk and conditions 1) and 2) of Definition 4.2 hold.
Thus, the algebra Γk is also quasi-hereditary. By Proposition 3.4, the semi-orthogonal decomposition
Uk “ x∆k,Uk`1y implies property 3). 
Any path algebra of a directed quiver with relations is quasi-hereditary in two different ways.
First, we can take all the simple modules as the standard modules. In this case the category
Filtp∆1, . . . ,∆nq coincides with the whole abelian category mod–Γ. The second way is to take
the indecomposable projective modules as the standard modules. In this case the subcategory
Filtp∆1, . . . ,∆nq contains only the finitely generated projective modules.
4.3. Well-formed quasi-hereditary algebras. Let Γ be a basic quasi-hereditary algebra and let
p∆1, . . . ,∆nq be the complete sequence of the standard Γ –modules that forms a full exceptional
collection in the triangulated category of perfect complexes Perf –Γ.
Definition 4.6. An algebra Γ is well-formed if for every 1 ď i ď n there exists a right Γ –module
Ψi P Filtp∆i`1, . . . ,∆nq and a morphism πi : Πi Ñ Ψi such that the canonical morphisms of the
functors HompΨi,´q Ñ HompΠi,´q is an isomorphism on the subcategory Ui`1 Ă Perf –Γ.
Remark 4.7. In other words this property means that the complex Πi
piiÑ Ψi belongs to the left
orthogonal KUi`1 in the category Ui, and the corresponding projection of Πi on Ui`1 is a module
from the subcategory Filtp∆i`1, . . . ,∆nq. Note that the right orthogonal U
K
i`1 in Ui is exactly
the subcategory generated by the exceptional object ∆i.
Note that Ψn “ 0. Moreover, for n ´ 1 the module Ψn´1 also exists for any quasi-hereditary
algebra Γ. It is isomorphic to Πmn , where m is the dimension of the space of homomorphisms
HomΓpΠn´1,Πnq. However, already for i “ n´2 the existence of the module Ψn´2 P Filtp∆n´1,∆nq
with the property given in Definition 4.6 is an additional restrictive condition.
Recall that any exceptional collection in a proper triangulated category has the right and left
dual exceptional collections (see, e.g., [Bo]). First, let us consider and describe the left dual for
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the collection p∆1, . . . ,∆nq. Denote by Ii the injective envelope of the simple module Σi for all
1 ď i ď n and define the costandard modules ∇i as the maximal submodules of Ii having no
composition factors Σj with j ą i. It is evident that ∇1 – ∆1 – Σ1. Moreover, it is not difficult
to check that the collection p∇n, . . . ,∇1q is a full exceptional collection in the triangulated category
Perf –Γ that is left dual to the collection p∆1, . . . ,∆nq. The last property means that the following
conditions hold
Extlp∆i,∇jq –
$&%k, when i “ j, and l “ 0,0, otherwise.
In this case we get that for every 1 ď i ď n the admissible subcategory Ti “ x∆1, . . . ,∆iy coincides
with the subcategory x∇i, . . . ,∇1y and the object ∇i`1 generates the right orthogonal to the
subcategory Ti in the category Ti`1.
Now we consider a full exceptional collection pKn, . . . ,K1q of objects in Perf –Γ that is right
dual to the collection p∆1, . . . ,∆nq. Thus, we have
ExtlpKi,∆jq –
$&%k, when i “ j, and l “ 0,0, otherwise.
In particular, there are isomorphisms Kn – ∆n – Πn. It directly follows from definition that the
objects Ki are isomorphic to the complexes tΠi
piiÝÑ Ψiu. Hence, the property for a quasi-hereditary
algebra to be well-formed can be also considered as a property of the right dual exceptional collection
pKn, . . . ,K1q. Denote by ψi : Θi Ñ Ψi the composition of πi and the natural inclusion of Θi to
Πi, and let Υi be the cone of ψi. For any 1 ď i ď n we have the following commutative diagram
of exact triangles in the triangulated category Perf –Γ.
Ki Ki§§đ §§đ
Θi ÝÝÝÝÑ Πi ÝÝÝÝÑ ∆i››› pii§§đ §§đ
Θi
ψiÝÝÝÝÑ Ψi ÝÝÝÝÑ Υi
(13)
and algebra Γ is well-formed if the object Ψi belongs not only Ui`1 but it is also in
Filtp∆i`1, . . . ,∆nq for any 1 ď i ď n. We also have that the objects Θi,Ψi,Υi belong to Ui`1,
while ∆i and Ki generate the right and left orthogonals U
K
i`1,
KUi`1 in Ui, respectively.
Remark 4.8. Let us consider the algebra Γ “ kQ{I of a directed quiver with relations pQ, Iq for
which the set of vertices Q0 “ t1, . . . , nu is the ordered set of n elements and spaq ą tpaq for any
arrow a P Q1, where s, t : Q1 Ñ Q0 are the maps associating to each arrow its source and target.
In this case the algebra Γ is quasi-hereditary with respect to the ordering e “ pe1, e2, . . . , enq.
Moreover, for such ordering the standard modules ∆i are isomorphic to the simple modules Σi for
all 1 ď i ď n. The quasi-hereditary algebra pΓ, eq is well-formed in this case because the projective
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module Πi belongs to the subcategory
KUi`1 Ď T for each i. Thus, for all 1 ď i ď n we have
Ψi “ 0.
Remark 4.9. Note that if we take the opposite ordering of idempotents, then the algebra Γ
is also quasi-hereditary, but in this case the standard modules are the indecomposable projec-
tive modules, and the algebra is not necessarily well-formed. The simplest example is a quiver
Q “ p ‚
a
// ‚
b
// ‚ q with three vertices, two arrows a, b, and with a single relation ba “ 0.
5. Geometric realizations of finite dimensional algebras
5.1. Geometric realizations of well-formed quasi-hereditary algebras. In this section we
discuss some geometric realizations for finite dimensional algebras. We consider the case when an
algebra is basic. By Theorem 3.16, any such algebra has a plain geometric realization. However,
Theorem 3.16 only tells us that for any such algebra Λ there is a perfect complex E on a smooth
projective scheme X for which EndpEq – Λ and HompE,Erlsq “ 0 when l ‰ 0. A reasonable
question about finite dimensional algebras here is to find such a geometric realization, where the
perfect complex E is a vector bundle E on X. We know that this question has a positive answer
for any quiver algebra Λ by Theorem 3.15. Moreover, in that case we can find X and a vector
bundle E such that the rank of E is equal to the dimension of Λ (see [O7, Cor. 2.8]).
At first, we consider the case of a quasi-hereditary algebras and we will try to find a geometric
realization such that all standard modules ∆i go to line bundles on X.
Definition 5.1. Let Γ be a basic quasi-hereditary algebra over k, and let X be a smooth projective
scheme. Let G : Perf – Γ Ñ Perf –X be a quasi-functor. We say that G satisfies property (V) if
the following conditions hold:
pVq
(1) the functor G “ H0pGq : Perf –Γ Ñ Perf –X is fully faithful, i.e. G gives a plain
geometric realization of Perf – Γ;
(2) the standard modules ∆i, 1 ď i ď n go to line bundles Li on X under G;
(3) there is a line bundle N on X such that N P KGpPerf –Γq Ă Perf –X, the line
bundles N b L´1i are generated by global sections, and H
jpX,N b L´1i q “ 0 when
j ě 1 for all i “ 1, . . . , n.
Since any module M P Filtp∆1, . . . ,∆nq has a filtration with successive quotients being standard
modules, condition (2) of Definition 5.1 implies that any such Γ –module goes to a vector bundle
under the functor G. Moreover, by the same reasoning, the vector bundle GpMq has a filtration
with successive quotients isomorphic to the line bundles Li. Now it is not difficult to check that
condition (3) of (V) implies the following condition:
(3’) there is a line bundle N on X such that N P KGpPerf –Γq and vector bundles
N bGpMq_ are generated by global sections for all M P Filtp∆1, . . . ,∆nq and
have no higher cohomology.
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Note that the quasi-functor G : Perf – Γ Ñ Perf –X gives an ff-morphism g : X Ñ W where
W “ Perf – Γ is the derived noncommutative scheme related to the algebra Γ. Property 2) tells us
that the standard modules ∆i P Perf –Γ go to the line bundles Li on X under the inverse image
functor Lg˚.
For any quasi-hereditary algebra Γ the projective modules Πi belong to the subcategory
Filtp∆1, . . . ,∆nq and, hence, they go to vector bundles under the functor G. Denote by Pi the
vector bundles GpΠiq for all i “ 1, . . . , n. Since the functor G is fully faithful, the vector bundles
Ek “
Àn
i“k Pi possess the following properties:
HomXpEk, Ekq – Γk and Ext
l
XpEk, Ekq “ 0 for all l ‰ 0.
Thus, if a quasi-functor G : Perf – Γ Ñ Perf –X satisfies property (V), then the algebra Γ goes
to a vector bundle E1 under such a geometric realization.
The following proposition gives us an inductive step of a general construction.
Proposition 5.2. Let pΓ, eq be a basic well-formed quasi-hereditary algebra with indecompos-
able projective modules Π1, . . . ,Πn. Let Γl for l “ 1, . . . , n be the algebras of endomorphisms
EndΓp
Àn
i“lΠiq. Suppose there exist a smooth projective scheme Xk`1 and a quasi-functor Gk`1 :
Perf – Γk`1 Ñ Perf –Xk`1 that satisfies property (V). Then there are a smooth projective scheme
Xk and a quasi-functor Gk : Perf – Γk Ñ Perf –Xk that also satisfies property (V). Moreover, the
scheme Xk – PpFkq is a projective vector bundle over Xk`1, and the restriction of Gk on the
subcategory Perf –Γk`1 Ă Perf –Γk is isomorphic to Lp
˚¨Gk`1, where p : PpFkq Ñ Xk`1 is the
natural projection.
Proof. Consider the quasi-functor Gk`1 : Perf – Γk`1 Ñ Perf –Xk`1. By Proposition 4.5, we can
identify the DG category Perf – Γk`1 with the DG subcategory Uk`1 Ă Perf – Γ that is generated
by the standard modules ∆k`1, . . . ,∆n. Consider the quasi-functor Gk`1 as a quasi-functor from
Uk`1 to Perf –Xk`1.
Since Gk`1 satisfies property (V), the standard modules ∆k`1, . . . ,∆n go to line bundles
Lk`1, . . . ,Ln, respectively. The DG subcategory of Perf –Xk`1 that is generated by the line
bundles Lk`1, . . . ,Ln is quasi-equivalent to Uk`1 and the quasi-functor Gk`1 establishes this
quasi-equivalence.
Any module M P Filtp∆k`1, . . . ,∆nq goes to a vector bundle under the functor Gk`1 “
H0pGk`1q. Take now the projective module Πk and consider the short exact sequence
0 ÝÑ Θk ÝÑ Πk ÝÑ ∆k ÝÑ 0.(14)
By the definition of a quasi-hereditary algebra, the module Θk belongs to Filtp∆k`1, . . . ,∆nq. The
algebra Γ is well-formed and, hence, there is a module Ψk P Filtp∆k`1, . . . ,∆nq such that the
complex Kk “ tΠk
pikÝÑ Ψku belongs to
KUk`1. As in diagram (13) we denote by ψk : Θk Ñ Ψk
the composition of πk with the natural inclusion of Θk into Πk. By Proposition 4.5, the DG
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category Uk Ă Perf – Γ is quasi-equivalent to a gluing pt i
Tk
Uk`1, where the left DG Uk`1 –
module Tk is HomUkp∆k,Qq with Q P Uk`1. Using (14) as the resolution for the standard module
∆k, we obtain the following quasi-isomorphism of left DG Uk`1 –modules:
Tk “ HomUkp∆k,Qq – HomUk`1pΥk,Qq with Q P Uk`1,
where Υk P Uk`1 is the complex tΘk
ψkÝÑ Ψku concentrated in degrees ´1 and 0.
Consider the vector bundle Gk`1pΘkq. The morphism ψk induces a map Gk`1pψkq between
the vector bundles Gk`1pΘkq and Gk`1pΨkq and also a map Gk`1pΨkq
_ Ñ Gk`1pΘkq
_ between
the dual vector bundles. By assumption (3) of (V) and its consequence (3’), there is a surjection
pN´1q‘m ։ Gk`1pΘkq
_ for some m P N.
Consider the induced map pN´1q‘m ‘ Gk`1pΨkq
_ Ñ Gk`1pΘkq
_ which is also a surjection.
Denote by F the vector bundle on X that is dual to the kernel of this surjection. We obtain the
following exact sequence of vector bundles on Xk`1
(15) 0 ÝÑ Gk`1pΘkq ÝÑ N
‘m ‘Gk`1pΨkq ÝÑ F ÝÑ 0.
Since the line bundle N belongs to the orthogonal KGk`1pUk`1q, we obtain quasi-isomorphisms of
left DG Uk`1 –modules
HomPerf –Xk`1pF ,Gk`1pQqq – HomUk`1pΥk,Qq – HomUkp∆k,Qq with Q P Uk`1.
Taking m sufficiently large, we can assume that the rank of F is greater than 2. Let us consider
the projective bundle p : PpFq Ñ Xk`1 and denote it by Xk. There are natural exact sequences
on Xk of the following form:
0Ñ ΩXk{Xk`1p1q Ñ p
˚F_ Ñ OXkp1q Ñ 0 and 0Ñ OXkp´1q Ñ p
˚F Ñ TXk{Xk`1p´1q Ñ 0,
where OXkp´1q is the tautological line bundle, and TXk{Xk`1 ,ΩXk{Xk`1 are the relative tangent and
the relative cotangent bundles, respectively. We have Rp˚OXkp1q – F
_ and Rp˚OXkp´1q “ 0.
Denote by rLi the pull back line bundles p˚Li for i “ k ` 1, . . . , n and consider the DG
subcategory ĂUk`1 Ă Perf –Xk that is generated by these line bundles. Since the functor Lp˚
is fully faithful, the DG category ĂUk`1 is quasi-equivalent to Uk`1. Put rLk “ OXkp´1q and
consider the DG subcategory V Ă Perf –Xk generated by the line bundles rLk, . . . , rLn. Since
Rp˚OXkp´1q “ 0, the line bundles
rLk, . . . , rLn form a full exceptional collection in the homotopy
category V “ H0pV q and the category V Ă Perf –Xk is admissible.
By Proposition 3.4, the DG category V is quasi-equivalent to a gluing pt i
S
ĂUk`1 (where
pt “ Perf – k ) with respect to a left DG ĂUk`1 –module S “ HomV p rLk,´q. There is the following
sequence of quasi-isomorphisms of left DG Uk`1 –modules
S “ HomV p rLk,Lp˚Gk`1pQqq – HomPerf –XkpOXk ,Lp˚Gk`1pQq bOXkp1qq –
– HomPerf –Xk`1pOXk`1 ,Gk`1pQq b F
_q – HomPerf –Xk`1pF ,Gk`1pQqq – HomUkp∆k,Qq – Tk.
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Thus, by Proposition 3.5, we obtain that the DG category V – pti
S
ĂUk`1 is quasi-equivalent to
the DG category Uk – pt i
Tk
Uk`1. By Proposition 4.5, these DG categories are also quasi-equivalent
to Perf – Γk. Therefore, we obtain a quasi-functor Gk : Perf – Γk Ñ Perf –Xk that establishes a
quasi-equivalence between Perf – Γk and V . By construction, conditions (1) and (2) of (V) hold
for the quasi-functor Gk.
Finally, we have to show that condition (3) also holds for an appropriate line bundle rN on Xk.
Choosing rN as a line bundle of the form OXkp1q b p˚Rbs, where R is an ample line bundle
on Xk`1 and s is sufficiently large, we can guarantee that condition (3) will hold. Indeed, since
the rank of F is greater than 2, the line bundle rN belongs to KGkpPerf –Γkq. Moreover, for
k ă i ď n we have isomorphisms
HjpXk, rL´1i b rN q – HjpXk`1,L´1i b F_ bRbsq.
Additionally, for the line bundle rL´1k b rN we also have
HjpXk, rL´1k b rN q – HjpXk`1, S2pF_q bRbsq.
Taking a sufficiently large s, we obtain vanishing of all cohomology for j ą 0, by Serre vanishing
Theorem, and can guarantee that all these bundles are generated by global sections on Xk. Since
the natural maps p˚F_ Ñ OXkp1q and p
˚S2pF_q Ñ OXkp2q are surjective, condition (3) of (V)
also holds for the quasi-functor Gk. 
We can also give a precise construction of the vector bundles on Xk that are the images of the
projective modules under the functor Gk. Denote by Pk`1, . . . ,Pn the vector bundles on Xk`1
that are the images of the projective modules Πk`1, . . . ,Πn P Filtp∆k`1, . . . ,∆nq under the functor
Gk`1. Under the functor Gk these projective modules go to the vector bundles ĂPi “ p˚Pi. Let us
construct the vector bundle Pk which is the image of Πk. Consider the sequence of isomorphisms
Ext1XkpOXkp´1q, p
˚Gk`1pΘkqq – H
1pXk, p
˚Gk`1pΘkq bOXkp1qq – H
1pXk`1, Gk`1pΘkq b F
_q
– Ext1Xk`1pF , Gk`1pΘkqq.
The element e P Ext1Xk`1pF , Gk`1pΘkqq, which defines the short exact sequence (15), gives some
element e1 P Ext1XkpOp´1q, p
˚Gk`1pΘkqq. The element e
1 induces the following extension
(16) 0 ÝÑ p˚Gk`1pΘkq ÝÑ rPk ÝÑ OXkp´1q ÝÑ 0
that can be considered as the definition of the vector bundle rPk. Finally, the algebra Γk itself goes
to the vector bundle rEk “Àni“k rPi under the functor Gk.
Proposition 5.2 as an induction step implies the following theorem.
Theorem 5.3. Let pΓ, eq be a basic well-formed quasi-hereditary algebra. Then there exist a smooth
projective scheme X and a quasi-functor G : Perf – Γ Ñ Perf –X such that the following condi-
tions hold:
1) the induced homotopy functor G “ H0pGq : Perf –ΓÑ Perf –X is fully faithful;
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2) the standard modules ∆i go to line bundles Li on X under G;
3) the scheme X is a tower of projective bundles and has a full exceptional collection.
Proof. The proof proceeds by induction on n. The base of induction is n “ 1 and Γ “ k. In
this case X “ P1, the quasi-functor G sends Γ to OP1 , and N “ Op1q. The inductive step is
Proposition 5.2. By construction, the scheme X is a tower of projective bundles and, hence, has a
full exceptional collection. 
Remark 5.4. Let us note that the property of a quasi-hereditary algebra Γ to be well-formed is
essential. Indeed, consider the algebra of the quiver Q “ p ‚
a
// ‚
b
// ‚ q with the relation
ba “ 0 as in Remark 4.9. This algebra is quasi-hereditary but not well-formed in the case when
the standard modules are the indecomposable projective modules. It is easy to see that we can not
find a geometric realization for which the standard modules go to line bundles. Indeed, any non-zero
morphism of line bundles on a smooth irreducible projective scheme is an isomorphism at the generic
point and this contradicts the fact that ba “ 0.
5.2. Auslander construction and geometric realizations of finite dimensional algebras.
Now we will discuss geometric realizations for an arbitrary basic finite dimensional algebra.
Let Λ be a basic finite-dimensional algebra over a field k. Denote by r the Jacobson radical
of Λ. We know that rN “ 0 for some N. Define the index of nilpotency of Λ as the smallest
integer N such that rN “ 0. The following amazing result was proved by M. Auslander.
Theorem 5.5. [Au] Let Λ be a finite-dimensional algebra with index of nilpotency N. Then the
finite-dimensional algebra rΓ “ EndΛpÀNp“1Λ{rpq has the following properties:
1) gl.dim rΓ ď N ` 1;
2) there is a finite projective rΓ –module Π such that EndrΓpΠq – Λ.
The algebra rΓ is usually not basic, even if the algebra Λ is basic. Indeed, since Λ is basic,
each non-projective indecomposable summand occurs in a direct decomposition of
ÀN
p“1Λ{r
p with
multiplicity 1, whereas each indecomposable projective Λ –module of Loewy length l occurs with
multiplicity N ´ l` 1. If we delete the repeated copies of the indecomposable projective summands
of
ÀN
p“1Λ{r
p, one obtains a module whose endomorphism ring is basic and Morita equivalent to rΓ.
Let us describe it more precisely.
Let us denote by tf1, . . . , fmu a complete sequence of primitive orthogonal idempotents of the
basic algebra Λ so that
řm
j“1 fj “ 1. Let Pj “ fjΛ with 1 ď j ď m be the corresponding
indecomposable projective Λ –modules and let Sj “ Pj{Pjr be the simple right Λ –modules. The
quotient algebra Λ “ Λ{r is semisimple, and it is isomorphic to
Àm
j“1 Sj as Λ –module. Moreover,
since Λ is basic, the algebra Λ is isomorphic to kˆ ¨ ¨ ¨ ˆ klooooomooooon
m
.
We will choose a linear order on the set of idempotents tf1, . . . , fmu such that LpPkq ě LpPlq,
when k ď l. Here LpPjq denotes the Loewy length of the projective module Pj , i.e. the minimal
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positive integer i such that Pjr
i “ 0. Consider the finite set T consisting of pairs pj, lq with
1 ď j ď m and 1 ď l ď LpPjq. The cardinality of T is equal to n “
řm
j“1 LpPjq. With any
element t “ pj, lq of T we associate the Λ –module Mt – Pj{Pjr
l. We introduce a linear order
on T by the following rule: t1 “ pj1, l1q ă t2 “ pj2, l2q if and only if l1 ě l2 and j1 ă j2 in the
case l1 “ l2. In particular, we have isomorphisms M1 “ P1, while Mn “ Sm.
Consider the Λ –module M “
À
tPT Mt and denote by Γ the algebra of endomorphisms
EndΛpMq. Since all the modules Mt are indecomposable and non-isomorphic to each other, the
algebra Γ is basic. Its complete set of primitive orthogonal idempotents te1, . . . , enu is in bijection
with the set T and has a linear order introduced above. We fix this linear order and denote it by
e. The Λ –module M gives a standard functor between the abelian categories of modules
HomΛpM,´q : Mod–Λ ÝÑ Mod–Γ
that is left exact. For a Λ –module N we denote by pN the Γ –module HomΛpM,Nq for shortness.
Since the Λ –module M is a generator in the abelian category Mod–Λ, for any two Λ –modules
N1 and N2 the canonical map
(17) HomΛpN1, N2q
„
ÝÑ HomΓp pN1, pN2q
is an isomorphism. By construction, the indecomposable projective Γ –modules Πt “ etΓ are
isomorphic to xMt. The submodules Mtr Ă Mt induce the submodules Θt “ yMtr Ă Πt, and we
denote by ∆t the quotient Γ –modules Πt{Θt.
Proposition 5.6. Let Λ be a basic finite dimensional algebra over a field k. Then the algebra
pΓ, eq constructed above is a basic well-formed quasi-hereditary k –algebra for which the standard
modules are exactly ∆t “ xMt{yMtr, with t P T.
Proof. We already know that Γ is basic. It is proved in [DR2] that the algebra pΓ, eq is quasi-
hereditary. However, let us show this.
At first, we calculate HomΓpΠt1 ,∆tq for any t
1, t P T. For each t “ pj, lq P T we have Mt{Mtr –
Pj{Pjr – Sj, where Mt “ Pj{Pjr
l as above. Therefore, there is the following commutative diagram:
0 // Θt // Πt // ∆t //
_

0
0 // yMtr // xMt // pSj
Since Sj “ Ms for s “ pj, 1q P T, we obtain that pSj – Πs – ∆s is a projective and standard
module simultaneously for any 1 ď j ď m. The isomorphisms
HomΓpΠt1 , pSjq – HomΛpMt1 , Sjq – HomΛpPj1 , Sjq
tell us that if HomΓpΠt1 , pSjq ‰ 0, then it is one-dimensional and t1 “ pj, l1q with the same j. Since
for any t “ pj, lq there is an inclusion ∆t Ď pSj, we conclude that if HomΓpΠt1 ,∆tq ‰ 0, then
t1 “ pj, l1q with the same j. Furthermore, a nontrivial morphism Πt1 “ xMt1 Ñ ∆t Ă pSj is induced
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by a nontrivial morphism Mt1 Ñ Sj, on the one hand. On the other hand, it can be lifted to a map
Πt1 Ñ Πt “ xMt because Πt1 is projective. Therefore, the map Mt1 Ñ Sj should go through a map
to Mt. Hence, in this case l
1 ě l. Thus, for any t “ pj, lq and t1 “ pj1, l1q we obtain
HomΓpΠt1 ,∆tq “
$&%k, if j1 “ j and l1 ě l,0, otherwise.(18)
In particular, we obtain that dimk∆t “ LpPjq ´ l ` 1, for t “ pj, lq. Moreover, the sequence
0 Ă ∆pj,LpPjqq Ă ¨ ¨ ¨ Ă ∆pj,1q “
pSj with ∆pj,lq{∆pj,l`1q – Σpj,lq,(19)
where Σpj,lq are the corresponding simple Γ –modules, gives a composition series for pSj – Πs – ∆s,
where s “ pj, 1q. This implies that any simple quotient of a standard module ∆t is only Σt, and
any submodule of the standard module ∆t with t “ pj, lq is isomorphic to a standard module ∆t1
where t1 “ pj, l1q with l1 ě l. As a consequence, we also obtain that for any t “ pj, lq the kernel
Ξt of the canonical morphism from ∆t to the corresponding simple module Σt is isomorphic to
the standard module ∆t1 with t
1 “ pj, l ` 1q. Hence, taking into account the composition series
(19), we see that Ξt – ∆t1 belongs to the subcategory FiltpΣ1, . . . ,Σt´1q. Thus, condition 1) of
Definition 4.2 holds.
To prove that the algebra Γ is quasi-hereditary, we have to show that the modules Θt belong
to the subcategories Filtp∆t`1, . . . ,∆nq. Let us prove that any Γ –module of the form pN belongs
to the subcategory Filtp∆1, . . . ,∆nq. We proceed by induction on the length of a Λ –module N.
The base of induction are the simple modules Sj : and we already know that pSj are standard by
themselves. Consider an exact sequence
0 ÝÑ N 1 ÝÑ N ÝÑ Sk ÝÑ 0
coming from a composition series of N. By induction hypothesis, the Γ –module pN 1 belongs to
Filtp∆1, . . . ,∆nq. Besides, the quotient module pN{ pN 1 is standard as a nonzero submodule of pSk.
Thus, pN belongs to Filtp∆1, . . . ,∆nq too.
Let us consider the Γ –module Θt “ yMtr for t “ pj, lq. We would like to show that Θt belongs
not only to the subcategory Filtp∆1, . . . ,∆nq but to the subcategory Filtp∆t`1, . . . ,∆nq as well.
It is enough to check that any morphism from Πt1 to Θt “ yMtr can be factorized through Πs
with s ą t. The Loewy length of the Λ –modules Mtr “ Pjr{Pjr
l is equal to l ´ 1. Hence, any
morphism from a projective module Pk to Mtr goes through the module Pk{Pkr
l´1. This implies
that Θt P Filtp∆t`1, . . . ,∆nq. Thus, condition 2) of Definition 4.2 also holds, and the algebra pΓ, eq
is quasi-hereditary with ∆t, t P T as the standard modules.
Finally, let us check that Γ is well-formed. Consider the projective Γ -module Πt with t “ pj, lq.
The canonical morphism Pj{Pjr
l Ñ Pj{Pjr
l´1 induces a canonical map πt : Πt Ñ Πt1 , where
t1 “ pj, l ´ 1q. The calculation above shows that the natural map HompΠt1 ,∆sq Ñ HompΠt,∆sq is
an isomorphism for any ∆s, when s ą t. Since ∆t`1, . . . ,∆n generate the subcategory Ut`1 Ă
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Perf –Γ, the natural map HompΠt1 ,´q Ñ HompΠt,´q is an isomorphism on the whole subcategory
Ut`1 Ă Perf –Γ. Thus, Ψt – Πt1 , and the algebra pΓ, eq is well-formed. 
The algebra Γ “ EndΛpMq has finite global dimension, and the bounded derived category of finite
Γ –modules Dbpmod–Γq is equivalent to the triangulated category of perfect complexes Perf –Γ.
Consider the Γ –module Π “ HomΛpM,Λq “ pΛ. It is projective and is actually isomorphic toÀm
j“1Πsj , where sj “ pj, ljq and lj “ LpPjq is the Loewy length of Pj . Moreover, we have
EndΓpΠq – Λ. Thus, the projective Γ –modules Π is a Λ-Γ –bimodule, and it gives us two functors
p´q
L
bΛ Π : DpMod–Λq ÝÑ DpMod–Γq and RHomΓpΠ,´q : DpMod–Γq ÝÑ DpMod–Λq
that are adjoint. The first functor is fully faithful and sends perfect complex to perfect ones, while
the second functor is a quotient. They induce the the following functors:
p´q
L
bΛ Π : Perf –Λ ÝÑ Perf –Γ and RHomΓpΠ,´q : Perf –Γ ÝÑ D
bpmod–Λq
Thus, the Λ-Γ –bimodule Π defines a quasi-functor R : Perf – Λ Ñ Perf – Γ, i.e. we have an
ff-morphism of noncommutative schemes r : W Ñ V , where V “ Perf – Λ and W “ Perf – Γ.
The morphism r is the simplest and very important example of a smooth resolution of singularities
of the noncommutative scheme V (see Definition 2.11).
Theorem 5.7. Let Λ be a basic finite dimensional algebra over a field k. Then there exist a
smooth projective scheme X and a quasi-functor F : Perf – ΛÑ Perf –X such that the following
conditions hold:
1) the induced homotopy functor F “ H0pFq : Perf –ΛÑ Perf –X is fully faithful;
2) the indecomposable projective modules Pi go to vector bundles Pi on X under F, and
the rank of Pi is equal to dimk Pi;
3) the scheme X is a tower of projective bundles and has a full exceptional collection.
Proof. The quasi-functor F can be defined as the composition of the quasi-functor R : Perf – ΛÑ
Perf – Γ defined above and the quasi-functor G : Perf – ΓÑ Perf –X constructed in Theorem 5.3.
Thus, conditions 1) and 3) hold. Moreover, the indecomposable projective Λ –modules Pi go to
projective Γ –modules under the quasi-functor R, and after that they go to vector bundles which
will be denoted as Pi.
Let us consider the Γ –module Π which as a Λ-Γ –bimodule defines the quasi-functor R. It is
the direct sum
Àm
j“1Πsj , where sj “ pj, ljq and lj “ LpPjq is the Loewy length of Pj. We
have isomorphisms RpΛq – Π, while RpPiq – Πsi . Property (18) implies that HomΓpΠ,∆tq – k
for any t P T. Since the standard modules go to line bundles under the quasi-functor G, for any
Γ –module N P Filtp∆1, . . . ,∆nq the rank of the vector bundle GpNq is equal to HomΓpΠ, Nq. In
particular, we obtain the following equalities:
rkFpPiq “ rkGpΠsiq “ dimkHomΓpΠ,Πsiq “ dimkHomΛpΛ, Piq “ dimk Pi.
Thus, condition 2) also holds. 
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In the case when the base field k is algebraically closed any finite dimensional algebra is Morita
equivalent to a basic finite dimensional algebra. This means that any finite dimensional algebra
A is isomorphic to EndΛp
Àm
i“1 P
‘ki
i q, where Λ is basic and P1, . . . , Pm is the complete set of
indecomposable projective Λ –modules. Therefore, we have the following corollary.
Corollary 5.8. Let k “ k be an algebraically closed field. Then for any finite dimensional k –
algebra A there exist a smooth projective scheme X and a vector bundle E on X such that
EndXpEq – A and Ext
l
XpE , Eq “ 0 for all l ą 0. Moreover, such X can be constructed as a
tower of projective bundles, and rk E ď dimkA.
Remark 5.9. There are many reasons to believe that the assertion of Theorem 5.7 also holds for an
arbitrary algebra with one refinement: the variety X can not be chosen to be a tower of projective
bundles anymore, but an appropriate twisted form of such a variety, i.e. becomes isomorphic to a
tower of projective bundles after an extension of the base field.
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